Emerging Issues
in Nonequilibrium
Statistical Physics

Statistical
mechanics

ENTROPY
Jae Dong Noh (University of Seoul)
Physics Colloquium at POSTECH (DEC 06, 2017)

Classical thermodynamics

Information
theory

Thermodynamics

Statistical mechanics

Kelvin, Clausius, Carnot,…

Boltzmann, Maxwell, Gibbs, …

Entropy as a state function for thermal equilibrium systems

Entropy as a state function for thermal equilibrium systems

Z

S(A) = kB ln ⌦(A)

S(A) =

A
0

dQrev
T

Information theory
Statistical
mechanics

thermodynamic
relations

C. E. Shannon, “A Mathematical Theory of Communication”,
The Bell System Technical Journal 27, 379 (1948)
Information as a measure of how much choice is involved in
the selection of the event or of how uncertain we are of the
outcome

ENTROPY

Set {1,2,3,…,n} with occurrence probabilities {p1,p2,…,pn}.
Information
theory

Thermodynamics

H=

n
X

pi log2

i=1

1
=
pi

X

pi log2 pi

[binary digit]

i

Thermodynamic systems out of equilibrium
Statistical
mechanics

thermodynamic
relations

Thermodynamics

relaxation
heat bath at temperature T

maximum entropy principle
by Jaynes (1957)
ENTROPY

Information
theory

system

driving force
time-dependent process
feedback
multi heat baths
…

Nonequilibrium statistical mechanics

Stochastic thermodynamics
Stochastic equations of motion (Langevin eq)
dx
=v
dt

Heat bath

nonconservative driving force
white noise
p
rU (x, (t)) + fnc (x)
v + 2 T ⇠(t) of unit variance
conservative force with t-dep. process
heat bath forces
Statistical ensemble theory for the trajectory

ideal heat bath : thermal equilibrium always

dv
m
=
dt

its entropy is given by the Clausius relation

ideal heat bath leads to stochastic dynamics
probability distribution P(q,t)
Shannon entropy S[P ] = kB

X
q

P (q, t) ln P (q, t) = h kB ln P (q, t)i

phase space

Nonequilibrium physical system

P (q, tf )

P (q, ti )

time

Stochastic thermodynamics
m

dv
=
dt

rU (x, (t)) + fnc (x)

v+

p

2 T ⇠(t)
q(t) = (x(t), v(t))

Trajectory dependent fluctuating thermodynamic quantities
work
heat

W =

Q=

Z

Z

entropy Stot =


@U d
dt fnc (x) v +
@ dt

dt

h⇣

⌘ i
p
v + 2 T ⇠(t)
v

Stochastic thermodynamics

1st law of
thermodynamics
2nd law of
thermodynamics?

Q
+ [ ln P (qf , tf ) + ln P (qi , ti )]
T

Path probabilities

forward
P (q, 0)

q R (t) = (x(⌧

t),

v(⌧

t))

backward
ProbF [q(t)] = W [q(t)|q(0)]P (q(0), 0)

(Forward)

ProbR [q R (t)] = W R [q R (t)|q R (0)]P (q(⌧ ), ⌧ ) (Backward)

P (q, ⌧ )

Stochastic thermodynamics

LETTERS

along the unfolding path while (absolute) values smaller than DG
occur more often along the refolding path. As can be seen from
equation (1), the CFT states that although P U(W), P R(2W) depend
on the pulling protocol, their ratio depends only on the value of DG.
Thus the value of DG can be determined once the two distributions
are known. In particular, the two distributions cross at W ¼ DG:

Q

⇓

satisfy the CFT, that is, equation (1) (see the Supplementary
Information). We also notice that work distributions are compatible
with, and can be fitted to, gaussian distributions (data not shown).
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difference and energy exchange is produced only by the
thermal noise has been analyzed only theoretically on
model systems [11–19] but never in an experiment because
of the intrinsic difficulties of dealing with large temperature differences in small systems.
We report here an experimental and theoretical analysis
of the statistical properties of the energy exchanged
between two conductors kept at different temperature and
coupled
electric thermal
Colloidal particle trapped by the
opticalby
trapthe
(≈harmonic
potential)noise, as depicted in
Fig. 1(a). This system is inspired by the proof developed
by Nyquist [20] in order to give a theoretical explanation of
the measurements of Johnson [21] on the thermal noise
voltage in conductors. In his proof, assuming thermal
equilibrium between the two conductors, he deduces the
Nyquist noise spectral density. At that time, well before the
fluctuation dissipation theorem, this was the second
example, after the Einstein relation for Brownian motion,
moving trap
breathingoftrap
relating the dissipation
a system to the amplitude of the
p
p
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ẋ =In this
k(t)xLetter
+ 2 we
T ⇠(t)
analyze the consequences
of removing the Nyquist’s equilibrium conditions, and we
[Wang et al, PRL (2002)]
[vanZon&Cohen, PRL (2003)]
[Lee&Kwon&Pak,
PRL (2015)] of the energy exchanged
study the statistical
properties
between the two conductors kept at different temperature.
This system is probably among the simplest examples
where recent ideas of stochastic thermodynamics can be
tested, but in spite of its simplicity the explanation of the
observations is far from trivial. We measure experimentally the heat flowing between the two heath baths and
show that the fluctuating entropy exhibits a conservation
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Analytic works

Linear system

0031-9007=13=110(18)=180601(5)

are controlled by thermal baths and T2 is kept fixed at
296 K, whereas T1 can be set at a value between 296 and
88 K using liquid nitrogen vapor as a circulating coolant. In
the figure, the two resistances have been drawn with their
associated thermal noise generators !1 and !2 , whose
power spectral densities are given by the Nyquist formula
j!
~ m j2 ¼ 4kB Rm Tm , with m ¼ 1, 2 (see Eqs. (2) and (3) and
Supplemental Material [25]). The coupling capacitance C
controls
RC
circuitsthe electrical power exchanged between the

Experiments

et al, PRL (2013)]
FIG. 1 (color online). [Ciliberto
(a) Diagram
of the circuit. The resistances R1 and R2 are kept at temperature T1 and T2 ¼ 296 K,
respectively. They are coupled via the capacitance C. The
capacitances C1 and C2 schematize the capacitance of the cables
and of the amplifier inputs. The voltages V1 and V2 are amplified
by the two low noise amplifiers A1 and A2 [26]. (b) The circuit in
(a) is equivalent to two Brownian particles (m1 and m2 ) moving
inside two different heat baths at T1 and T2 . The two particles are
trapped by two elastic potentials of stiffness K1 and K2 and
coupled by a spring of stiffness K [see text and Eqs. (3) and (4)]
The analogy with the Feymann ratchet can be made by assuming, as in Ref. [13], that the particle m1 has an asymmetric shape
and on average moves faster in one direction than in the other.
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Single gas particle in a single
heat bath
of temperature
180601-1
! 2013
American
Physical TSociety
(1898-1964)
W = Q = T ln 2

P(W) or P(Q) directly
to test the various FTs
[Kwon&Noh&Park, PRE (2011)]
[Noh&Park, PRL (2012)]
[Noh&Kwon&Park, PRL (2013)]
[Kwon&Noh&Park, PRE (2013)]
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Information thermodynamics
[Sagawa&Ueda, PRL (2008, 2010, 2012)]
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i) before m and fc
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ii) after m and fc
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1
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4
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iii) after process

In the presence of Maxwell’s demon
Stot = Ssys,demon + Sbath
= Ssys + Sdemon

mutual information

entropy changes
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ln 2
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ii)
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iii)
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+0
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ln 2

+0

+0
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Extended second law
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λ(t−
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[Park&Lee&Noh, PRE (2016)]

X

FIG. 1. Illustration of the engine cycle during the time interval
tn ! t < tn+1 of the engine. At the measurement step, it is determined
whether the particle is on the left-hand side [M(tn ) = 0] or the
right-hand side [M(tn ) = 1] of the position λ(tn− ) + xm represented
by the (blue) dashed line. At the feedback step, if M(tn ) = 1, the
potential center is instantaneously shifted to λ(tn+ ) = λ(tn− ) + xf and
the mechanical work "W (tn ) is extracted. At the relaxation step, the
particle is relaxed with the fixed potential center at λ(tn+ ) until the

{(⇠ µ ,

µ
T )}

=)

(4)

By shifting the potential center, we can extract work "W (tn )
as much as the change in the potential energy caused by the
shift. We adopt a convention that "W (tn ) is positive (negative)
when the work is produced by (done on) the Brownian particle.
It is given by
"W (tn ) = V (X(tn ),λ(tn− )) − V (X(tn ),λ(tn+ ))
"#
$
= xf X(tn ) − λ(tn− ) − 12 xf .

−
λ(t+
n ) = λ(tn ) + M (tn)xf

V

λ(tn+ ) = λ(tn− ) + xf .

T

(3)

where tn− (tn+ ) denotes the moment just before (after) the
measurement performed at time tn . On the other hand, when
M(tn ) = 1, the potential center is shifted instantaneously by
the amount of xf :

V

measurement
t = tn

X

Stochastic learning in neural networks without feedback

The information obtained during the measurement step can be
exploited to extract work.
Feedback control. When Mn (tn ) = 0, the potential center
remains unchanged. That is,

V

λ(t−
n)

Thermodynamic bounds

(5)

Note that the extracted work is negative when xf < 0. Hence,
we only consider the case with xf " 0.
Relaxation. In the time interval tn < t < tn+1 , the particle
evolves in time with fixed λ(t) = λ(tn+ ) according to the
Langevin equation (1) until the next cycle begins at time tn+1 .
During this step, the particle exchanges the thermal energy
with the heat bath.
The engine is characterized by the three parameters: xm
for the measurement, xf for the feedback, and τ for the
relaxation. Thus, the extracted work per cycle or the power
depends on the choice of those parameters. We are interested
in the optimal choice of the parameters under which the
steady-state average of the extracted work per cycle or the
power becomes maximum. We remark that our model is a
generalized version of the information ratchet introduced in
Ref. [4], which corresponds to the case with xf = 2xm and

neural
networks
with {w}

=)

{

µ

}

Learning efficiency is bounded by the thermodynamic cost
I(

T;

)

S(w) +

Q/T

[Goldt&Seifert, PRL (2017)]

Efficiency bound for a machine learning with feedback

Microscopic heat engines
TH

TC
Brownian heat engine

A

Isothermal
compression

W

⌘=

W
=1
QH

QC
 ⌘C ⌘ 1
QH

TC
TH

QC
2
[Martinez et al, NatPhys (2016)]
Adiabatic
compression

Isothermal
expansion

Adiabatic
expansion

Stiffness

Tc

(2)

(3)

Temperature

Th

(1)

power

E

A

Microscopic heat engines

QH

Heat engine

W
≤ Θ̄βL ηðηC − ηÞ: [Shiraishi&Saito&Tasaki,
ð3ÞPRL (2016)]
τ
where rν;λ
i ðX; YÞ ≥ 0 is
The averaged power W=τ must vanish as η↑ηC or
It leaves the canonica
(obviously) as η↓0. We conclude that an engine with
R
i.e.,
dYfrν;λ
nonvanishing power never attains the maximum efficiency.
i ðX; YÞe
The bound (3) was discussed numerically in Ref. [20] for
Discrete noise in small e

(4)
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constant.
The equation of state reads hF ieq =
hx2 ieq /2 = kT /(2) and the equation for the energy
E ⌘ hH(x, p; , T )ieq = kT , where the brackets denote average over ⇢ (x, p; , T ). Next, we consider qua-

Entropy as Irreversibility Stot [q(t)] = ln

ProbF [q(t)]
ProbR [q R (t)]

Reverse process to a given forward process?

B

Fluctuation-dissipation relations,…
[Chun&Noh, arXiv (2017)]
[Lee&Lahiri&Park, PRE (2017)]
[Yeo&Kwon&Lee&Park, JSTAT (2016)]
[Lee&Kwon&Park, PRL (2013)]

=)

FIG. 1: The Brownian Carnot engine. (A) Sketch of the experiment. A single particle is confined in an optical trap with
ti↵ness . The particle is subjected to an external random electric field that controls the temperature of the e↵ective thermal
bath T . Both  and T can be arbitrarily managed using custom designed signals to implement the cycle with the desired
Thermodynamic uncertainty relation
duration. (B) Experimental protocol in the T  plane, consisting of four processes: (1) Isothermal compression at T = Tc
blue); (2) Adiabatic compression from T = Tc to T = Th (magenta); (3) Isothermal expansion at T = Th (red); (4) Adiabatic
2 the prescribed
xpansion from Th to Tc (green). Solid lineshX
are
i hXi2 qtexperimental
( J)2 protocols, the black arrow indicating the direction
Q ⌘output of our
⇥
= is2 represented
⇥ q 2 with
of the operation of the engine, while the
measurements
symbols. Filled
symbols are ensemble
[Barato&Seifert,
PRL (2015)]
2
hXi
T = 50Js whereas open symbols correspond to ensemble averages
averages over series of cycles of duration ⌧ = 200
ms during ⌧exp
over series of ⌧ = 30 ms cycles (corresponding to the engine operated at maximum power, see below) during ⌧exp = 50 s. In
2
both cases the temperature of the particle is measured from the mean square displacement,
uncertainty ✏ = J/J requires at least a cost of 2/✏2 Tpart (t) = (t)hx (t)i/k . (C)
Clapeyron diagram (conjugated force hx2 i/2 vs controllable parameter ) of the engine obtained with the same durations of
ycle. The area within the cycle is equal to the mean work obtained during the cycle. (D) T –S diagram. The entropy change
s calculated as the di↵erence between the Shannon entropy of the full phase space (position and velocity) at any time t and
ts value at the beginning of the cycle.

ion, the optical potential is harmonic and characterized
by the trap sti↵ness , U (x, t) = x(t)2 /2. Here the
rap sti↵ness plays the role of the control parameter as
he volume of the piston does in classical thermodynamic

Charged particles with B field, active particles, …

=)

hx2 i/2

hx2 i/k (K)

600

1.25

hx2 i/k (K)

B

baths) and the damping constant and the mass (of the
The time evolution oper
engine), respectively. See Ref. (11). Note that both the lhs
istic and dissipative par
and rhs of Eq. (2) are proportional to the square of the size
of the engine. Therefore the inequality is meaningful in the
thermodynamic limit as well.
L̂λ ¼ L̂
The inequality (2) manifests the fundamental trade-off
relation: nonvanishing current inevitably induces dissipation.
Here L̂0;λ is the Liouv
To see the implication on efficiency of heat engines, consider
for the deterministic dy
the case with n ¼ 2 and let the inverse temperatures of the
equation mï ri ðtÞ ¼ Fλi ð
baths be βH and βL with βH < βL . We denote, as usual, by
−∇i Uλ ðr1 ; …; rN Þ and,
QH > 0 the heat absorbed by the engine from the bath with
force (such as the Lore
βH , andvsbyPower
QL > 0 the heat flowed from the engine to
Efficiency
that the resulting time ev
the bath with βL . The work is then W ¼ QH − QL , and the
the phase space volume
entropy production is ΔS ¼ βL QL − βH QH . The bound
The operator L̂ν;λ
w
Eq. (2) reduces to ðQH þ QL Þ2 ≤ τΘ̄ΔS.
i
efficiency
represents
the
dissipatio
Let η ≔ W=QH be the efficiency of⌘the
engine,
and
η
≔
⌘C C
MP
Efficiency
powerefficiency. Noting a relation in
in vi , caused by the ν
1 − ðβH at
=βLmaximum
Þ be the Carnot
expression reads [40]
thermodynamics ηðηC − ηÞ ¼ WΔS=fβL ðQH Þ2 g [23], our
Z
bound yields a trade-off relation between power and
Trade-Off
relation between power and efficiency
ðL̂ν;λ
PÞðXÞ
≔
dYfrνi
efficiency
i
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