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Magnetism 
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magnetic fields, electric currents, magnetic moments 
Ferromagnetic materials (Fe,Ni, Co and alloys) 
Paramagnet, Diagmagnet, Antiferromagnet, ….
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Quantum Magnetism 
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Magnetism ->  spin
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Quantum Magnetism 
Strongly correlated electronic system

Quantum Materials
Strongly correlated materials
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Heavy fermions

Topologically ordered phases 

Quantum Hall effect

Spin Liquids

Mott Insulators
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Topological Kondo Insulators

Skyrmions

Non Fermi Liquids

Sp
in

 C
ha

inAntiferromagnet
electrons with partially filled 

d, f orbitals e
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Fe2O3

Partially filled d-, f- electron shells
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Quantum Magnetism 
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Strongly Correlated Electronic Systems

U

t
k

E
Ef

For U/t →∞, no charge degrees of freedom, but spin degrees of 
freedom remains.

Néel phase

Insulator
U/t

Metal
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History of Magnetism

1949AD: Antiferromagnetism proven 
experimentally by Shull and Smart

Speaking well about Homer is not a thing you have mastered, it's a divine power that moves 
you, as a "Magnetic" stone moves iron rings. (That's what Euripides called it; most people call 
it "Heraclian".) This stone not only pulls those rings, if they are iron, it also puts power in the 
rings, so they in turn can do just what the stone does - pull other rings - so that there is 
sometimes a very long chain of iron pieces, hanging from one another. And the power in all of 
them depends on this stone.  - by Socrates


Han dynasty
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Geometric Frustration

?

Lattice Geometry

Frustration makes the system 
to be more interesting ! 
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Frustration due to competing interactions

Competing interactions J1 and J2

J2

J1
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How to measure it?

Bigger f — the system is more frustrated 
Sometimes, the system fails to order even at T=0 (f→∞) — spin liquid

Frustration Parameter  f  =  𝚯cw/Tc

Local moments : Curie-Weiss law at high T

𝜒-1

𝚯cw |𝚯cw|Tc

𝜒 ∼A/(T-𝚯cw)
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Spinel Materials and frustration parameter 

1 10 205

CoAl2O4

MnSc2S4

MnAl2O4

CoRh2O4 Co3O4

900

FeSc2S4

f=𝚯cw/Tc

Bigger f — the system is more frustrated 
Sometimes, the system fails to order even at T=0 (f→∞) — spin liquid

Frustration Parameter
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J2/J10
Neel

1/8

Coplanar spirals

q

Frustration in a diamond lattice

Spiral surfaces

q

J2/J1=0.2 J2/J1=0.4 J2/J1=0.85 J2/J1=20

Extensively degenerate classical ground state!
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Frustration in a diamond lattice

Green = Free energy minima, red = low, blue = high

12
JJ1/8 1/4 ~1/2 ~2/3

Low Temperature: Selection

! Which state is stabilized?

" “Conventional” order-by-disorder
! Need free energy on entire surface F(q)=E-T S(q)

! Results: complex evolution!

Normal mode
contribution

Green = Free energy minima, red = low, blue = high

12
JJ1/8 1/4 ~1/2 ~2/3

Low Temperature: Selection

! Which state is stabilized?

" “Conventional” order-by-disorder
! Need free energy on entire surface F(q)=E-T S(q)

! Results: complex evolution!

Normal mode
contribution

Green = Free energy minima, red = low, blue = high

12
JJ1/8 1/4 ~1/2 ~2/3

Low Temperature: Selection

! Which state is stabilized?

" “Conventional” order-by-disorder
! Need free energy on entire surface F(q)=E-T S(q)

! Results: complex evolution!

Normal mode
contribution

Green = Free energy minima, red = low, blue = high

12
JJ1/8 1/4 ~1/2 ~2/3

Low Temperature: Selection

! Which state is stabilized?

" “Conventional” order-by-disorder
! Need free energy on entire surface F(q)=E-T S(q)

! Results: complex evolution!

Normal mode
contribution

J2/J11/8 1/4 ~1/2 ~2/3

Monte-Carlo simulation

Special selection of spiral order with particular ordering 
wavevectors at low temperature. Why?

13
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Disorder  helps ordering ?

Accidental degeneracy is fragile and extensive ground 
states can be lifted by small perturbation or fluctuations

F = E - T S Entropy selection

At a finite temperature,  it selects special q that maximizes the 
entropic effect. 

q

14



POSTECH Physics Colloquium APR 2018

Order by Disorder

Green = Free energy minima, red = low, blue = high

12
JJ1/8 1/4 ~1/2 ~2/3

Low Temperature: Selection

! Which state is stabilized?

" “Conventional” order-by-disorder
! Need free energy on entire surface F(q)=E-T S(q)

! Results: complex evolution!

Normal mode
contribution

Thermal fluctuation selects special ordering wavevector q

Quantum Order by Disorder  
: zero-point energy selects special q

E

k

environments

15
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Frustration Parameter  f  =  𝚯cw/Tc → ∞ 

What if the system never orders?

Spin Liquids : 

16

highly correlated but no ordering due to frustration 
 long range entangled — not a simple product states  
massive quantum superposition

“Resonating Valence Bond”  by P.W.Anderson 1973

+ + … ψ =
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ex) Spin Ice in a pyrochlore lattice 
A2B2O7 

A

B

A : Rare-earth ions 
B : Transition Metals

Frustration and Spin Liquids

Where can we find spin liquids?  
Still smoking gun experiments are missing.

17
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Frustration and Spin Liquids

ex) Spin Ice in pyrochlores A2B2O7 

local axis

H= Jzz ∑<ij> SizSjz 

Massive degeneracy due to local constraints

2 in - 2 out state

18
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Frustration and Spin Liquids
Spin Ice Water Ice

vs

A.P. Ramirez et al, 1999 

zero point entropy  
observed in spin ice material 
Dy2Ti2O7

S∼R(ln2 -1/2 ln3/2)

19
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Frustration and Spin Liquids

What about quantum fluctuations due to J±(Si+Sj- +h.c)?

Si+Sj-

3 in 1 out

2 in 2 out

20
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Spin Ice under Quantum Fluctuations

Si+Sj-+  - =

At the third order perturbation, the system comes back to the 
different 2 in -2 out state.

21
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Spin Ice under Quantum Fluctuations
Quantum fluctuations J±(Si+Sj- +h.c)  mixes all the 2 in- 2out ground states. 

…..

|ѱ1> |ѱ2> |ѱ3> |ѱ4> |ѱ5> |ѱ6>  …..

Quantum ground states

|ѱ1> |ѱ2> |ѱ3> |ѱ4> |ѱ5> |ѱ6>  + …..|ѱ> = + + + + +

:  soup of all 2 in- 2 out states

What is special on such Quantum Spin Ice?

22



Spin Ice under Quantum Fluctuations

What is special on such Quantum Spin Ice?

Artificial Photon Excitations ! 

23
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Spin Ice under Quantum Fluctuations

2 in - 2 out  states <= > 𝛁∙E = 0

+ quantum fluctuations  <= > dynamics 

H =Jzz SizSjz + J± (Si+Sj- + h.c)

H ≈Jzz (div E)2a + J± (𝛷†a𝛷b eiAab+ h.c) 

At the third order perturbation of J± term, 
J±3/Jzz2  cos(𝛁×A) 

hopping of spinons

Heff ≈ E2 + B2   gapless “photon” excitations

24
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J±/Jzz0

E
Quantum Spin Ice XY Order

<𝛷> = 0 <𝛷> ≠ 0

spinon condensation produces mass term and leads to 
the phase transition to ordered phase 

Higgs transition 

Higgs Mechanism in Spin Ice 

25

H =1/2m |(𝛁-iqA)𝚽|2

q2A2|𝚽|2->q2A2ρ2 
𝚽=ρeiθ

H ≈ρ2/2m |(𝛁θ-qA)|2
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q

Why do we study Fragnets & Spin Liquids?

Frustrated Magnet itself is interesting! 
— Many Body Quantum Effect 
Emergent “unusual”  low energy phenomena

Seek Novel Phases of Matters that may be realized in certain materials 

General classification of phases on symmetry grounds 
Phases distinct even in the absence of any symmetry 

26
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Seeking for new phases of matters

27

Discovery of new magnetic orderings in spinels (AB2X4)

Symmetry allowed generic Hamiltonian

B site (pyrochlore) with spin-orbit coupled electrons

G.B Sim and SBL arXiv:1801.05820 (2018)

Distorted Cubic Phase Octagonal Prism Phase

Common origin Plot of spins and ordering wave vectors
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G.B Sim and SBL arXiv:1801.05820 (2018)

Octagonal Prism Phase

Discovery of new magnetic orderings in spinels

Non-Coplanar, finite-Q 
magnetic ordering

finite spin chirality

orbital current

What is interesting?



POSTECH Physics Colloquium APR 2018 29

Magnetic order driven Topological Phases

-A. Mishra and SBL, Sci Reps 8 (1), 799 (2018)

Interplay of spin orbit coupling and electron interactions

Ferromagnetic Chern Insulators

U

�so

PM

FCMz

FCIz
F̃NMz

F̃CMz

F̃NIxy

F̃NI

FM

F̃M

F̃NIxy

F̃NIz

FCIz F̃CIz

Figure 1. (Color Online) Phase diagram for the Kane-Mele Hubbard model at quarter filling as functions of intrinsic
spin-orbit coupling lso and onsite Coulomb repulsion U . Here t = 1. The inset shows enlarged view of dashed box in the main
plot. PM : paramagnetic metal, FM : ferro-magnetic (FM) metal, FNI : FM normal insulator, FCM : FM Chern metal, FCI :
FM Chern insulator. F and F̃ distinguish FM order with or without inversion symmetry and the subscripts xy or z represent the
direction of magnetic order. The blue and yellow shaded regions show the magnetic Chern insulator phases. Detailed
explanation of each phase is described in the main text.

form up to a constant term

HMF = Â
kkk

c
†
kkk

hMF(kkk) ckkk, (3)

hMF(kkk) = d1(kkk) tx ⌦ I+d2(kkk) ty ⌦ I+d3(kkk) tz ⌦s z

+ Â
µ2{x,y,z}

⇣
M

µI⌦s µ +m
µ tz ⌦s µ

⌘
(4)

where ckkk = (cA"(kkk),cB"(kkk),cA#(kkk),cB#(kkk))
T is the basis for honeycomb (A, B) sublattices with spins ",#. The Hamiltonian

matrix hMF(kkk) can be represented in terms of two Pauli matrices ttt = (tx,ty,tz) and sss = (s x,s y,s z) for A, B sublattices and
spin ", # respectively. d1(kkk) = (1+ cosk1 + cosk2), d2(kkk) = (sink1 � sink2) and d3(kkk) = 2lso(sink1 + sink2 � sin(k1 + k2))
with k1, k2 being the momentum components along the basis vectors êee1 and êee2 in a honeycomb lattice and M

µ ⌘ (Mµ
A
+M

µ
B
)/4,

m
µ ⌘ (Mµ

A
�M

µ
B
)/4 with µ = x,y,z.

Fig. 1 is the phase diagram as a function of U and lso at quarter filling, based on solving the self consistency equation.
In the absence of both spin-orbit coupling and onsite interaction (lso = U = 0), the system is in a metallic phase. With
increasing U but lso = 0, the magnetic moment is being developed and the system goes into magnetically ordered phases.
In the range 6.8 <U < 7.5, the ferromagnetic metal is stabilized where MMMA = MMMB 6= 0 with broken time reversal symmetry.
In this phase, hMF(kkk) is represented as two copies of graphene Hamiltonian with spin up and down, and their energies are
separated proportional to the magnetization values MMMA = MMMB. At quarter filling, hence, the lowest energy band remains gapless
i.e. metallic. At U = Uc = 7.5, there is a second order phase transition into a ferromagnetic metal where the system starts
developing magnetization MMMA 6= MMMB with broken inversion symmetry. In this case, both MMM and mmm in Eq. 3 are non-zero and
thus, the lowest two energy bands are separated at every momentum value, but, the bands still cross the Fermi level. On
further increasing U , the magnetization keep increasing opening a band gap between the lowest two bands and a ferromagnetic
insulator with inversion symmetry broken is stabilized. All of these phases at lso = 0 are topologically trivial cases, thus we
labeled these phases as paramagnetic metal ‘PM’, ferromagnetic metal with inversion symmetry ‘FM’, ferromagnetic metal

3/8

~
Ferromagnetic Chern 

Insulator
Mz ≠ 0

Edge modes at

2D Van-der Waals Materials MPX3
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Topologically ordered Phases and Space Groups

Role of spatial symmetries in topologically ordered phases

(I) The system remains gapless  
       no spectral gap and no topological order 

(II) The system is gapped, breaks translational symmetry  
        effective filling of enlarged unit cell is integer 

(III)The system is gapped and preserves translational symmetries 
        degenerate ground states that are topologically distinct

x
y

𝚽= ∫ A∙dr

Torus in p.b.c

Hastings-Oshikawa-Lieb-Schultz-Mattis (HOLSM) Theorem :

E. Lieb, T. Schultz, and D. Mattis, Annals of Physics 16, 407 (1961) 
Hastings, M. B., Europhysics Letters 70, 824 (2005) 
M. Oshikawa, Phys. Rev. Lett. 84, 1535 (2000)
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Topologically ordered Phases and Space Groups

Role of spatial symmetries in topologically ordered phases

Non-symmorphic Crystals
ex) glide symmetry : reflection + fractional (1/2) translations 

visons fractionalize point group symmetries

8

FIG. 2. (color online) Z4 electric field configuration at ⌫ = 2 on
the SSL. Here, the Gauss law requires

Q
r02hrr0i

err0 = �1 on each

site. Solid (Black) and dashed (magenta) links indicate electric field
err0 = 1 and -1 respectively. Note that all space-group symmetries
are preserved by this pattern.

FIG. 3. (color online) Vison creation operators at a square plaquette
⌦: products of electric field operator err0 and e†rr0 along arrow lines.

visons28 that are constructed by inserting Z4 flux
Q
rr0

arr0 on

a single plaquette (of either shape). Since the electric field
operator shifts the value of arr0 , and we wish to only change
the flux through a single plaquette, it follows that in order to
create a vison we must apply electric field operators along a
‘string’ of bonds on the lattice. Fig. 3 shows an example
of such a flux insertion operator F̂⌦ at the square plaquette
labeled ⌦:

F̂⌦ =
Y

rr0!1

e
(†)
rr0 = e12e

†

23e34e
†

45 · · · , (25)

where the indices 1, 2, 3 · · · label each site along the ‘string’
identified in Fig. 3. In order to further examine the vison
properties, it is once again convenient to move to a dual rep-
resentation of the Z4 gauge theory.

B. Dual Z4 clock model

As in the Ising case, the dual theory is a convenient lan-
guage to study the vison, as the nonlocal duality mapping ren-
ders the vison creation operator a local object. To that end, we
introduce a a new set of Z4 operators Er̄ and Ar̄ that reside
on each site r̄ of the dual pentagon lattice. These variables

have similar Hilbert space structure as in (20) and are related
to a, e via

err0 = ⌘r̄r̄0A
†

r̄Ar̄0 (26)
Y

rr022,M
arr0 = Er̄, (27)

The Gauss law constraint in the original lattice site maps to
the product of ⌘r̄r̄0 values for every pentagon:

Q
r02hrr0i

err0 =
Q

r̄r̄02D
⌘r̄r̄0 . The dual theory then takes the form of a Z4 clock

model on the pentagonal lattice,

Hḡ = �h

X

r̄r̄0

⌘r̄r̄0A
†

r̄Ar̄0 �K

X

r̄

Er̄ + h.c., (28)

where the bond strengths ⌘r̄r̄0 satisfy
Y

r̄r̄02D
⌘r̄r̄0 = i

⌫ (29)

at boson filling ⌫. The non-trivial product of bond variables
around a plaquette for ⌫ = 1 indicate that the clock model is
frustrated29. Note that we can readily construct a bond con-
figuration satisfying (29) by examining the electric field con-
figurations in Figs. 1, 2, and associating the value of ⌘r̄r̄0 on
a bond of a dual lattice with the value of the electric field on
the direct lattice bond bisected by r̄r̄0. Once this assignment
is made, the couplings ⌘r̄r̄0 are held fixed, i.e. they are not
dynamical objects.

In the dual theory, the vison creation operator F̂⌦ defined
by (25) is represented via

F̂⌦ =
⇣ Y

r̄r̄0!1

⌘
⇤

r̄r̄0

⌘
A1. (30)

Although this includes a non-local string product of the bond
strengths ⌘r̄r̄0 , as we have already noted, these are fixed and
non-dynamical. Thus, as promised, in the dual theory F̂⌦ is a
local operator; we now study its symmetry properties.

C. Vison symmetry analysis

In order to study the fractionalization of space group sym-
metries, we now consider the transformation of the Ar̄ under
lattice symmetries.

The symmetries of the group p4g (shared by both the SSL
and the dual pentagonal lattice) are generated by the follow-
ing operations: translations along orthogonal lattice primitive
vectors (a1 ⌘ (2, 0) and a2 ⌘ (0, 2)):

Ta1 : (x, y) 7! (x, y) + a1

Ta2 : (x, y) 7! (x, y) + a2, (31)

mirror reflections along planes oriented at ⇡/4 with respect to
the lattice vectors:

�xy : (x, y) 7! (y, x)

�xȳ : (x, y) 7! (�y,�x), (32)

9

FIG. 4. (color online) Configuration of bond signs ⌘r̄r̄0 on the
dual pentagonal lattice for ⌫ = 1. At this filling,

Q

r̄r̄02D
⌘r̄r̄0 = i

(link products are taken in the anti-clockwise sense). Solid (Black)
and dashed (magenta) links indicate electric field ⌘r̄r̄0 = 1 and -1
respectively. Blue arrows on each diagonal link represents ⌘r̄r̄0 = i.
The dotted square shows a single six-site unit cell. Note that the pat-
tern breaks point group symmetry but not translations, as expected.

and glide reflections about axes parallel to the lattice vectors:

Gx : (x, y) 7! (x,�y) +
1

2
(a1 � a2)

Gy : (x, y) 7! (�x, y)� 1

2
(a1 � a2) , (33)

(See Fig. 1 for the lattice structure and lattice vectors.)
Note that we have chosen a center of symmetry that renders
�xy,�xȳ very simple and underscores that they do not involve
any translations, at the cost of making the glide operation
slightly more involved. The crucial point is that the associated
translations are not projections of lattice vector onto the glide
planes, fact that guarantees that the glide can not be removed
by a suitable change of origin30.

These transformation properties map the values of field op-
erators at different lattice sites into each other. The transfor-
mation properties of the Ar̄ depends crucially on the set of
⌘r̄r̄0 and hence implicitly on the original boson filling. For
⌫ = 2, the ⌘r̄r̄0 configuration does not break any of space
group symmetries, and therefore it is a straightforward exer-
cise to show that Ar̄ transforms trivially under lattice sym-
metries. In contrast, for ⌫ = 1 the assignment of ⌘r̄r̄0 sat-
isfying

Q

r̄r̄02D
⌘r̄r̄0 = i necessarily breaks point-group sym-

metries and therefore Ar̄ transforms projectively. In order to
determine the transformation laws of the Ar̄ under symmetry,
it suffices to consider how the transformations (31-33) act on
Ar̄ while keeping the combination

P
r̄r̄0 ⌘r̄r̄0A

†

r̄Ar̄0 +h.c. in-
variant. This amounts to constructing the projective symmetry
group in the standard terminology of the parton construction
of fractionalized phases. [SP: Is this true?]

First, note that it is straightforward to see that the Ar̄

transform trivially under translations Ta1 and Ta2 since ⌘r̄r̄0

phases do not enlarge the unit-cell. We may therefore consider
only the point-group symmetries. It is useful to introduce
some notation: let us label the unit cells by integers (x, y)

FIG. 5. (color online) Configuration of bond signs ⌘r̄r̄0 on the
dual pentagonal lattice for ⌫ = 2. At this filling,

Q

r̄r̄02D
⌘r̄r̄0 =

�1. Solid (Black) and dashed (magenta) links indicate electric field
⌘r̄r̄0 = 1 and -1 respectively. Note that the pattern breaks no sym-
metries.

such that r̄(m,n) = ma1 + na2 and label the six dual lattice
sites within a single unit cell as shown in Fig. . By exam-
ining how the action of the four symmetries (�xy , �xȳ , Gx,
Gy) relates these six sublattice indices while simultaneously
transforming the unit cell coordinates we arrive at Table I. As
an example of how to construct the entries in Table I, let us
consider the reflection �xy . From Fig. 4, we see that under
this symmetry, the sublattices transform via 1 $ 3, 2 $ 6,
4 ! 4 and 5 ! 5. Furthermore, note that owing to the phase
difference ⌘14 = �⌘34 = 1, we must require that �xy induce
a sign change only on sublattice 4 so that ⌘r̄r̄0A

†

r̄Ar̄0 remains
invariant. Finally, introducing such a sign change only for
sublattice 4 requires that Ar̄ be transformed into its conjugate
A

†

r̄0 in order to leave the hopping between sublattices 4 and
5 unchanged. Proceeding in this fashion, we may construct
the other entries in Table I. The transformation of Ar̄ ! A

†

r̄0

can be also understood as a flux-antiflux transformation un-
der reflection; this immediately allows us to conclude that all
point-group operations that incorporate a reflection must also
conjugate the flux creation operator.

Table I allows us to compute relations between differ-
ent symmetries when acting on single-vison states. Opera-
tionally, we may obtain these relations by constructing the
state |vr̄i ⌘ A

†

r̄|0i and acting upon it with the different sym-
metry operators in turn. First, we find that a subset of the
space group symmetries satisfy a ‘trivial’ algebra, in that they
do not exhibit any difference when acting on single visons
compared to their multiplication table computed within the
space group (without reference to the vison states):

T
v

a1
T

v

a2
= T

v

a2
T

v

a1
(34a)

(�v

xy
)2 = 1 (34b)

(�v

xȳ
)2 = 1 (34c)

G
v

y
�
v

xy
= �

v

xy
G

v

x
(34d)

T
v

x
(Gv

y
)�1 = �

v

xȳ
Gx�

v

xȳ
(34e)

vison (flux) creation operator  
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FIG. 2. (color online) Z4 electric field configuration at ⌫ = 2 on
the SSL. Here, the Gauss law requires

Q
r02hrr0i

err0 = �1 on each

site. Solid (Black) and dashed (magenta) links indicate electric field
err0 = 1 and -1 respectively. Note that all space-group symmetries
are preserved by this pattern.

FIG. 3. (color online) Vison creation operators at a square plaquette
⌦: products of electric field operator err0 and e†rr0 along arrow lines.

visons28 that are constructed by inserting Z4 flux
Q
rr0

arr0 on

a single plaquette (of either shape). Since the electric field
operator shifts the value of arr0 , and we wish to only change
the flux through a single plaquette, it follows that in order to
create a vison we must apply electric field operators along a
‘string’ of bonds on the lattice. Fig. 3 shows an example
of such a flux insertion operator F̂⌦ at the square plaquette
labeled ⌦:

F̂⌦ =
Y

rr0!1

e
(†)
rr0 = e12e

†

23e34e
†

45 · · · , (25)

where the indices 1, 2, 3 · · · label each site along the ‘string’
identified in Fig. 3. In order to further examine the vison
properties, it is once again convenient to move to a dual rep-
resentation of the Z4 gauge theory.

B. Dual Z4 clock model

As in the Ising case, the dual theory is a convenient lan-
guage to study the vison, as the nonlocal duality mapping ren-
ders the vison creation operator a local object. To that end, we
introduce a a new set of Z4 operators Er̄ and Ar̄ that reside
on each site r̄ of the dual pentagon lattice. These variables

have similar Hilbert space structure as in (20) and are related
to a, e via

err0 = ⌘r̄r̄0A
†

r̄Ar̄0 (26)
Y

rr022,M
arr0 = Er̄, (27)

The Gauss law constraint in the original lattice site maps to
the product of ⌘r̄r̄0 values for every pentagon:

Q
r02hrr0i

err0 =
Q

r̄r̄02D
⌘r̄r̄0 . The dual theory then takes the form of a Z4 clock

model on the pentagonal lattice,

Hḡ = �h

X

r̄r̄0

⌘r̄r̄0A
†

r̄Ar̄0 �K

X

r̄

Er̄ + h.c., (28)

where the bond strengths ⌘r̄r̄0 satisfy
Y

r̄r̄02D
⌘r̄r̄0 = i

⌫ (29)

at boson filling ⌫. The non-trivial product of bond variables
around a plaquette for ⌫ = 1 indicate that the clock model is
frustrated29. Note that we can readily construct a bond con-
figuration satisfying (29) by examining the electric field con-
figurations in Figs. 1, 2, and associating the value of ⌘r̄r̄0 on
a bond of a dual lattice with the value of the electric field on
the direct lattice bond bisected by r̄r̄0. Once this assignment
is made, the couplings ⌘r̄r̄0 are held fixed, i.e. they are not
dynamical objects.

In the dual theory, the vison creation operator F̂⌦ defined
by (25) is represented via

F̂⌦ =
⇣ Y

r̄r̄0!1

⌘
⇤

r̄r̄0

⌘
A1. (30)

Although this includes a non-local string product of the bond
strengths ⌘r̄r̄0 , as we have already noted, these are fixed and
non-dynamical. Thus, as promised, in the dual theory F̂⌦ is a
local operator; we now study its symmetry properties.

C. Vison symmetry analysis

In order to study the fractionalization of space group sym-
metries, we now consider the transformation of the Ar̄ under
lattice symmetries.

The symmetries of the group p4g (shared by both the SSL
and the dual pentagonal lattice) are generated by the follow-
ing operations: translations along orthogonal lattice primitive
vectors (a1 ⌘ (2, 0) and a2 ⌘ (0, 2)):

Ta1 : (x, y) 7! (x, y) + a1

Ta2 : (x, y) 7! (x, y) + a2, (31)

mirror reflections along planes oriented at ⇡/4 with respect to
the lattice vectors:

�xy : (x, y) 7! (y, x)

�xȳ : (x, y) 7! (�y,�x), (32)

In the dual theory, vison creation operator 

8

FIG. 2. (color online) Z4 electric field configuration at ⌫ = 2 on
the SSL. Here, the Gauss law requires

Q
r02hrr0i

err0 = �1 on each

site. Solid (Black) and dashed (magenta) links indicate electric field
err0 = 1 and -1 respectively. Note that all space-group symmetries
are preserved by this pattern.

FIG. 3. (color online) Vison creation operators at a square plaquette
⌦: products of electric field operator err0 and e†rr0 along arrow lines.

visons28 that are constructed by inserting Z4 flux
Q
rr0

arr0 on

a single plaquette (of either shape). Since the electric field
operator shifts the value of arr0 , and we wish to only change
the flux through a single plaquette, it follows that in order to
create a vison we must apply electric field operators along a
‘string’ of bonds on the lattice. Fig. 3 shows an example
of such a flux insertion operator F̂⌦ at the square plaquette
labeled ⌦:

F̂⌦ =
Y

rr0!1

e
(†)
rr0 = e12e

†

23e34e
†

45 · · · , (25)

where the indices 1, 2, 3 · · · label each site along the ‘string’
identified in Fig. 3. In order to further examine the vison
properties, it is once again convenient to move to a dual rep-
resentation of the Z4 gauge theory.

B. Dual Z4 clock model

As in the Ising case, the dual theory is a convenient lan-
guage to study the vison, as the nonlocal duality mapping ren-
ders the vison creation operator a local object. To that end, we
introduce a a new set of Z4 operators Er̄ and Ar̄ that reside
on each site r̄ of the dual pentagon lattice. These variables

have similar Hilbert space structure as in (20) and are related
to a, e via

err0 = ⌘r̄r̄0A
†

r̄Ar̄0 (26)
Y

rr022,M
arr0 = Er̄, (27)

The Gauss law constraint in the original lattice site maps to
the product of ⌘r̄r̄0 values for every pentagon:

Q
r02hrr0i

err0 =
Q

r̄r̄02D
⌘r̄r̄0 . The dual theory then takes the form of a Z4 clock

model on the pentagonal lattice,

Hḡ = �h

X

r̄r̄0

⌘r̄r̄0A
†

r̄Ar̄0 �K

X

r̄

Er̄ + h.c., (28)

where the bond strengths ⌘r̄r̄0 satisfy
Y

r̄r̄02D
⌘r̄r̄0 = i

⌫ (29)

at boson filling ⌫. The non-trivial product of bond variables
around a plaquette for ⌫ = 1 indicate that the clock model is
frustrated29. Note that we can readily construct a bond con-
figuration satisfying (29) by examining the electric field con-
figurations in Figs. 1, 2, and associating the value of ⌘r̄r̄0 on
a bond of a dual lattice with the value of the electric field on
the direct lattice bond bisected by r̄r̄0. Once this assignment
is made, the couplings ⌘r̄r̄0 are held fixed, i.e. they are not
dynamical objects.

In the dual theory, the vison creation operator F̂⌦ defined
by (25) is represented via

F̂⌦ =
⇣ Y

r̄r̄0!1

⌘
⇤

r̄r̄0

⌘
A1. (30)

Although this includes a non-local string product of the bond
strengths ⌘r̄r̄0 , as we have already noted, these are fixed and
non-dynamical. Thus, as promised, in the dual theory F̂⌦ is a
local operator; we now study its symmetry properties.

C. Vison symmetry analysis

In order to study the fractionalization of space group sym-
metries, we now consider the transformation of the Ar̄ under
lattice symmetries.

The symmetries of the group p4g (shared by both the SSL
and the dual pentagonal lattice) are generated by the follow-
ing operations: translations along orthogonal lattice primitive
vectors (a1 ⌘ (2, 0) and a2 ⌘ (0, 2)):

Ta1 : (x, y) 7! (x, y) + a1

Ta2 : (x, y) 7! (x, y) + a2, (31)

mirror reflections along planes oriented at ⇡/4 with respect to
the lattice vectors:

�xy : (x, y) 7! (y, x)

�xȳ : (x, y) 7! (�y,�x), (32)

Shastry-Sutherland Dual-pentagonalvs

SBL, M.Hermele and S. Parameswaran, Phys Rev B 94 (12) 124122 (2016)
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Filling Enforced Kondo Semimetals
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|Qx1|/J1

|Qy1|/J1

|Qx2|/J1

|Qy2|/J1

|Qx3|/J1

|Qy3|/J1

|Qx4|/J1

|Qy4|/J1

|Qx+y|/J1

|Qx�y|/J1

bA/JK

bB/JK

bC/JK

bD/JK
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0
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t2 = 2.5t1, J2 = 1.6J1

FIG. 2. Evolution of mean-field solutions with Kondo cou-
pling JK at low temperature T = t1/100. A VBS phase,
where unscreened conduction electrons form a semimetal, ex-
ists for JK . 1.5t1. The Kondo semimetal (KSM) found for
JK & 2.1t1 cannot be trivially gapped while preserving glide
symmetry. At intermediate JK glide is spontaneously broken,
leading to a partially-Kondo-screened insulator (PKSI).

semimetal (KSM). Even though it is gapless and emerges
when Kondo screening dominates magnetism, the KSM
is distinct from a heavy Fermi liquid, since its Luttinger
count vanishes: as in the VBS phase, the electron and
hole Fermi surfaces enclose zero net charge (Fig. 3).

(3) At intermediate Kondo coupling, the mean-field
solution no longer preserves glide symmetry: for in-
stance, the hybridization is modulated within the unit
cell bA 6= bB = bC 6= bD, and so is not invariant under
the pairwise exchange A $ B, C $ D generated by
acting with the glide on a translationally invariant state.
Similarly, the singlet pattern breaks the glide symmetry.
As a consequence of the broken symmetry the hybridized
bands no longer stick pairwise, and therefore at the fill-
ing ⌫c + Ns = 6 we see that the Fermi surface lies in a
gap (Fig. 3). As the system screens unequally on di↵er-
ent sublattices and is gapped, we identify this as a par-
tially Kondo screened insulator (PKSI). This is, to our
knowledge, the first example of a Kondo insulator where
screening spontaneously breaks lattice symmetry; absent
symmetry breaking the only other route to opening a
gap is to trigger topological order, a case we do not con-
sider here. It may be possible to probe glide symmetry
breaking via scattering experiments, where it is signaled
by the reappearance of spectral weight at Bragg peaks
‘systematically extinguished’ by the glide symmetry.

Previous studies of this regime [20] with 2t1 > t2 found
partially-Kondo-screened gapless phases for 0 < ⌫c < 4.
For ⌫c = 2, such a phase is now identified as an ‘acciden-
tal’ semimetal with broken glide symmetry and electron
and hole pockets enclosing zero net volume. This phase
is obtained by driving the PKSI through a Lifshitz tran-
sition so that its bands intersect the Fermi energy. We
show below how glide symmetry can distinguish such ac-

�MX
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PKSI

�

PKSI

KSM

VBS

FIG. 3. Large-N Mean-field phase diagram of SSKL in the
temperature-Kondo coupling (T � JK) plane. Thick (thin)
solid lines represent second- (first-)order transitions, while
dashed lines are crossovers; the fermiology of the semimetallic
KSM/VBS phases are inset, with electron (hole) pockets in
red (blue). Right: band structures in the three T = 0 phases.
(only spin-degenerate bands nearest Fermi energy shown).

cidental semimetals from the filling-enforced KSM and
VBS semimetals via a generalized Luttinger sum rule.

Finite-Temperature Phase Diagram.— Usually, Kondo
screening onsets via a crossover, as no broken symme-
try distinguishes the T ! 0 heavy Fermi liquid from the
high-temperature paramagnet (PM). A similar argument
applies to the VBS state, since the valence bond pattern
preserves symmetry (magnetic order would require a true
phase transition). Accordingly, we identify the PM-VBS
and PM-KSM lines as crossovers, although they appear
as transitions within mean-field theory (Fig. 3). The in-
termediate PKSI phase, however, breaks a discrete glide
symmetry, and hence can form via a finite-temperature
transition in d = 2. Note that the transition temperature
Tc is an order of magnitude lower than the screening scale
TK ; hence, the relevant degrees of freedom are hybridized
fermions rather than bare electrons (typically, TK ⇠ 10K
so Tc is experimentally accessible). At mean-field level,
the PKSI-VBS transition appears first order, though this
may be an artifact of the large-N approach. The T = 0
PKSI-KSM transition appears continuous within mean-
field theory, and is worthy of further study [30].

Generalized Luttinger Invariant.— The SSKL illus-
trates general symmetry constraints for non-symmorphic
Kondo lattices in d = 2, that we now derive. Let us con-
sider a lattice of Lx⇥Ly unit cells with periodic boundary
conditions (i.e. a torus) described by a non-symmorphic
space group G. G includes at least one glide reflection Gx,
involving a mirror reflection Mx about the x axis followed
by a translation through a half-lattice vector in the mir-

ror plane: Gx = T 1/2
x Mx : (x, y) ! (x+1/2, �y). We re-

strict ourselves to Hamiltonians with SO(3) spin rotation
symmetry so that we can separately couple to “up” and
“down” spins relative to a fixed magnetization axis and
take reflections to act trivially on spin. A single quantum
�0 of Aharonov-Bohm flux that couples only to one spin
species is threaded through one of the non-contractible

Finite T Phase Diagram

c-f decoupled fully hybridized

Kondo Insulator with 
broken glide symmetries

partially screened

Increase of JK

Non-symmorphic Crystals

Kondo SemiMetalsValence Bond Solids

JH Pixley, SBL et al Phys Rev B 96 (8) 081105 (2017)

e

Kondo coupling 
JK
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Multipolar order and Kondo Coupling

No Magnetic Dipole Moments but higher order magnetic moments?
spin orbit coupling + crystal field splitting

 magnetic quadrupolar/ octupolar moments

Jx2 -Jy2 3Jz2 -J2 JxJyJz

Quadrupole Octupole

pseudospin-

F Freyer, J Attig, SBL et al, Phys Rev B 97 (11) 115111 (2018)

Important multi-spin interactions

2

In this Letter, we consider a frustrated local-moment
model with two-spin and four-spin interactions, that are
allowed by symmetry associated with the local envi-
ronment of Pr3+ ions and their coupling to the con-
duction electrons. Since our main interest is the in-
terplay between di↵erent multipolar orders and their
thermal phase transitions, we employ mean field theory
and Monte Carlo simulations to investigate the thermal
phase diagram of this model. Our key result is that such
interactions can lead to ground states with coexisting
multipolar orders; we show that this can lead to a single
or two-stage multipolar thermal transitions, and present
results on the e↵ect of a magnetic field. We discuss how
this provides a natural framework to interpret the exper-
iments on PrTi2Al20 and PrV2Al20, which is thus also of
potential importance for other heavy fermion materials.

Model.— In Pr(TM)2Al20 (with TM=Ti, V), the 4f2

Pr3+ ion lives in a Td local environment, arising from
the Frank Kasper cage formed by 16 neighboring Al
ions [22]. Inelastic neutron scattering and specific heat
studies have shed light on the local spectrum of the Pr3+

ion, arising from crystal field splitting of the J = 4
angular momentum multiplet [18, 21]. These indicate
a �3 non-Kramers doublet ground state separated from
the next �4 triplet of states by an energy gap ⇠ 50K. At
temperatures T ⌧ 50K, we can e↵ectively ignore these
excited crystal field multiplets [18]. Thus, for the low
energy physics of these materials, especially the broken
symmetry phases found at T . 5K, it is su�cient to
consider a model of conduction electrons Kondo-coupled
to this �3 doublet, whose wavefunctions are [21, 45]

|�(1)
3 i =

1

2

r
7

6
|4i �

1

2

r
5

3
|0i+

1

2

r
7

6
|�4i

|�(2)
3 i =

1
p
2
|2i+

1
p
2
|�2i . (1)

Using these, we can define the pseudospin-1/2 basis

|"i ⌘
1
p
2
(|�(1)

3 i+ i |�(2)
3 i) and |#i ⌘

1
p
2
(i |�(1)

3 i+ |�(2)
3 i).

We identify the corresponding pseudospin operators in

terms of Stevens operators O22 =
p
3
2 (J2

x �J2
y ), O20 =

1
2 (3J

2
z �J2), and Txyz =

p
15
6 JxJyJz (overline denoting

a symmetrized product), as ⌧x = �
1
4O22, ⌧y = �

1
4O20,

and ⌧z =
1

3
p
5
Txyz[46, 47]. Here, (⌧x, ⌧y)⌘ ~⌧? describes

a time-reversal invariant quadrupolar moment, while ⌧z
describes a time-reversal odd octupolar moment. In ad-
dition, the point group symmetry of the Pr3+ ion in-
cludes an S4z operation under which ⌧± ! �⌧±, and a
C31 operation under which ⌧± ! e±i2⇡/3⌧±.

With this in mind, we consider a symmetry-allowed
model of short-distance two-spin exchange between the
pseudospin-1/2 local moments ~⌧ , supplemented with the

simplest four-spin interaction that couples quadrupolar
and octupolar degrees of freedom,

H=
1

2

X

i,j

Jij(~⌧
?

i · ~⌧?j +�⌧zi ⌧
z
j )�K

X

hhijihkmii

~⌧?i · ~⌧?j ⌧zk ⌧
z
m .(2)

We will assume Jij = J1, J2 for nearest and next-nearest
neighbors respectively, and ignore further neighbor two-
spin interactions. For the four-spin coupling, the no-
tation hhijihkmii means that we consider a nearest-
neighbor pair hiji coupled to a distinct nearest-neighbor
pair hkmi, such that the two pairs are separated by a
single bond, leading to the shortest four-site cluster [48].

We consider the easy-plane regime, � < 1, so that
the two-spin interactions favor quadrupolar ⌧x,y order
over octupolar ⌧z order as is observed in many of these
compounds. While J1 < 0 will drive FQ order, as ob-
served in PrTi2Al20, increasing pressure might lead to
AFQ orders, either via a frustrating J2/|J1|> 0 which
leads to incommensurate spiral order (SpQ), or via a
sign change J1>0 which will lead to commensurate Néel
quadrupolar order (NQ) [18, 21]. Our main insight is
that while the two-spin interactions alone will favor pure
quadrupolar order, four-spin interactions will generi-
cally lead to coexisting multipolar orders. For K > 0,
quadrupolar orders with nearest-neighbor h~⌧?i · ~⌧?j i>0

will favor ferro-octupolar (FO) order, while h~⌧?i ·~⌧?j i<0
will favor Néel octupolar (NO) order; the FO and
NO orders get switched when we consider K < 0.

Motivated by constructing the simplest model to cap-
ture the phenomenology of PrTM2Al20, we will set
J1<0 for PrTi2Al20 which favors FQ order, and J1>0
for PrV2Al20 favoring NQ order. In both cases, we fix
J2>0 andK>0, and study the phases and their proper-
ties as we vary J2/|J1| and K/|J1|. At the classical level
of the analysis done here, we note that the model with
J1 < 0 maps onto the model with J1 > 0 by changing
~⌧ ! �~⌧ on one sublattice; with this understanding, we
will mainly focus on fixed J1 = +1, but present results
which are applicable for both systems.

Ground state phase diagram.— For J1 > 0, con-
sider an ansatz ~⌧+A/B =

p
1�⌘2 exp(iq · r ± �

2 ) for

unit length spins on A/B sublattices, with ⌧zA/B =

±⌘. Here q,� specify a spiral of ~⌧? which is a
generic SpQ order with magnitude

p
1� ⌘2. The

limit Q = 0 corresponds to the NQ state. This co-
exists with NO order of strength ⌘. Let us define
F ⌘cos� cos qx

4 cos qy
4 cos qz

4�sin� sin qx
4 sin qy

4 sin qz
4 and

G⌘cos qx
2 cos qy

2 + cos qy
2 cos qz

2 + cos qz
2 cos qx

2 , in terms

3

FIG. 1. Ground state phase diagram for the J1-J2-K
model for fixed J1 = +1, showing various ordered quadrupo-
lar phases (NQ=Néel quadrupolar, SpQ=spiral quadrupo-
lar) as well as coexisting octupolar order (NO=Néel octupo-
lar). For J1 = �1, the phase diagram is identical but phases
get relabelled as NQ ! FQ (ferroquadrupolar) and NO!

FO (ferrooctupolar). Solid lines are T = 0 mean field phase
boundaries, points are obtained fromMonte Carlo (MC) sim-
ulations on system sizes L = 8 (1024 spins) showing excellent
agreement. Color indicates regions where we find two-stage
thermal ordering in MC; the scale shows which broken sym-
metry (quadrupolar/octupolar) has a higher transition tem-
perature. The “stars” indicate regions where we tentatively
place the PrTM2Al20 materials (with J1 < 0 for PrTi2Al20
and J1 > 0 for PrV2Al20).

of which we find the energy per site in the classical limit

Ecl

Nsite
= �2(J1 � 18K⌘2)(1� ⌘2)F (�,q) + 2J1�⌘

2

+ 6J2�⌘
2 + 2J2(1� ⌘2)G(q) . (3)

Minimizing this variational energy with respect to
(q,�, ⌘), we arrive at the T = 0 phase diagram, with
phase boundaries depicted by solid lines in Fig. 1 for
the choice � = 0. Along the line K = 0, this phase
diagram is identical with previous results obtained for
Heisenberg spins on the diamond lattice, where J2/J1>
1/8 drives a Néel to incommensurate spiral transition
[49, 50]. Our new results show that K 6= 0 can in-
duce NQ/SpQ phases which coexist with Ising NO or-
der; we find qualitatively similar results for generic
� < 1 (see Supplemental Material). For J1 < 0, the
NQ/NO phases get replaced by FQ/FO phases, while
the spiral is modified by flipping ~⌧ on one sublattice.

We have checked the T = 0 phase diagram in Fig. 1
using classical Monte Carlo (MC) simulations for system
sizes up to L=8 (with 2L3=1024 spins) down to T/J1=
0.001 at a large number of depicted points. The distinct
ground states are best visualized in common origin plots
of the spin vectors of configuration snapshots in the MC

0.2
0.1
0.0 0.00 0.05 0.10 0.15 0.20 0.25Nearest Neighbor Interaction J₂

4-Spin I
nteracti

on K
FIG. 2. Common-origin plots of the spin vectors in con-
figuration snapshots from Monte Carlo simulations visualize
the nature of the low-temperature ordering in the ground-
state phase diagram of the J1-J2-K model in the J2-K plane.

simulation as shown in Fig. 2. Depending on the ⌧z-
order of the phase, characteristic ~⌧?-features (such as
a ring for the spiral phase) are shifted along the z-axis
in the common origin plot. The MC simulations clearly
confirm our mean field ground state phase diagram.

Thermal transitions.— In order to explore the phase
diagram of this model at nonzero temperatures, we have
carried out extensive MC simulations for various system
sizes and across a broad temperature regime. Fig. 3(a)
shows the phase diagram in the J2-T plane at fixed
J1 = 1,K = 0.15. We find that both the NQNO and
the SpQNO phases generically undergo multiple phase
transitions enroute to the high temperature paramag-
net, with intervening phases which have pure octupolar
or quadrupolar order. We deduce the existence of such
transitions via peaks in the specific heat versus tem-
perature, as illustrated in Fig. 3(b) for J2 = 0, which
get sharper with increasing system size. The nature of
the phases can be deduced from common origin plots of
snapshot MC configurations as shown for the NQNO,
NQ, and paramagnetic phases in Fig. 3(b). Using ex-
tensive MC simulations of this sort over a wide range
of parameters, we have compiled a detailed map of the
two phase transitions, as shown in Fig. 1 with the color
scale indicating regions where, upon lowering tempera-
ture, quadrupolar ~⌧? orders first (red, TQ � TO > 0) or
octupolar ⌧z orders first (blue, TQ � TO < 0).

Magnetic field e↵ect.— We next turn to the impact
of an applied magnetic field as a further way to dis-
tinguish FQ from AFQ order. We begin by noting
that the quadrupolar and octupolar moments of the
Pr3+ �3 doublet do not linearly couple to the magnetic
field. The leading term is a quadratic-in-field coupling
to the quadrupolar moment originating at second or-
der perturbation theory in ~h · ~J . This leads to nonzero

4

FIG. 3. (a) Finite-temperature phase diagram as a
function of J2 for fixed J1 = +1,K = 0.15. The phase
diagram is deduced from specific heat calculations which de-
tects the phase transitions, and from common origin plots
which show the nature of the phases. (b) Illustrative plot of
the specific heat versus temperature for J1 = +1, K = 0.15,
for fixed J2 = 0 (in the NQNO phase) for various system
sizes. Also shown are the common origin plots depicting the
evolution from paramagnetic to NQ to NQNO order.

matrix elements in the �3 doublet with intermediate
states arising from excited crystal field levels as Hh =
P

↵

~h· ~J|↵ih↵|~h· ~J
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where ↵ 2 �4,�5 refers to the two excited triplets above
the ground state, �(↵) are the corresponding crystal

field excitation energies, and � =
⇣
�

14
3�(�4)

+ 2
�(�5)

⌘
.

The form of the coupling is simply understood on sym-
metry grounds; since the quadrupolar moments trans-
form like an eg doublet, the magnetic field couples
to these moments with the same symmetries. Our
model Eq. (2) has an XY symmetry, so that magnetic
fields along (100) direction or (110) direction act in an
identical manner. However, the quadratic-in-field cou-
pling to the quadrupole moment vanishes for a mag-
netic field along the (111) direction; instead, for this
direction, the dominant term is a cubic-in-field coupling
⇠ h3(ĥxĥyĥz)⌧z to the octupolar moment.

In order to illustrate the e↵ect of the dominant
coupling to the quadrupolar order, Fig. 4 shows the
(100) magnetic field dependence for the FQ and
NQNO phases which are presumed to be relevant to

FIG. 4. Response of the FQ and NQNO phases to a
[100] magnetic field. (a) Evolution of the transition tem-
perature TQ for the FQ state at zero field into a crossover line
for nonzero field along [100] direction. The crossover tem-
perature in (a) is obtained from specific heat scans as shown
in (b), where the sharp peak signaling the transition at zero
field becomes a rounded peak for nonzero h. (c) Evolution
of transition temperatures TQ and TO for the NQNO state.
In this case, the zero field transitions, signaled by the sharp
specific heat peaks in (d), survive even for h 6= 0, with the
field suppressing TO more strongly than TQ.

PrTi2Al20 and PrV2Al20, respectively. In the absence
of an applied field, there is a direct continuous tran-
sition from the paramagnet into the FQ phase, but
the (100) magnetic field converts this into a crossover,
the crossover temperature increasing with the field as
seen in Figs. 4a) and b). On the other hand, for the
NQNO phase, both the phase transitions (paramagnet
to NQ and NQ to NQNO) survive, and the transition
temperatures decrease with increasing field. For this
model, we find that the lower temperature transition
(NQ to NQNO) decreases more rapidly than the higher
temperature transition. This can be understood based
on Landau theory which will be discussed in Ref. 51
along with a detailed analysis for other field directions.

Comparison to experiment.— PrTi2Al20 exhibits a sin-
gle phase transition from the paramagnetic phase into
a broken symmetry FQ phase at Tc ⇡ 2K, as identi-
fied from the fact that the sharp transition becomes a
crossover in the presence of a magnetic field [21, 22].
As seen in Fig. 1, the phase diagram with a ferromag-
netic J1 and a small J2,K > 0 shows a (white) region
with a single transition from the paramagnet into the
FQ phase, which becomes a crossover in a nonzero (100)
field as shown above. We thus place the parameters for
the pseudospin-1/2 model for PrTi2Al20 in this region.
Contrary to a single phase transition seen in PrTi2Al20,

TQ To 

double 
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Multipolar order and Superconductivity
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Multipolar order and Kondo Coupling

 magnetic quadrupolar/ octupolar moments

Q) Search for new Doniach phase diagram with multipolar order ?
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Thank You
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