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maximum entropy principle 
by Jaynes (1957)
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Nonequilibrium statistical mechanics

Heat bath

ideal heat bath : thermal equilibrium always

its entropy is given by the Clausius relation

Nonequilibrium physical system

ideal heat bath leads to stochastic dynamics

probability distribution P(q,t)
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Stochastic thermodynamics
Stochastic equations of motion (Langevin eq)

Statistical ensemble theory for the trajectory
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Trajectory dependent fluctuating thermodynamic quantities
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2nd law of  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Stochastic thermodynamics

Path probabilities
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Fluctuation Theorem

Integral FT for the total entropy production

implication : the second law of thermodynamics  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Fluctuation theorems
Work 

Jarzynski equality or IFT

Crooks relation or DFT
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modified DFT
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ishingly rare with increasing system size. For large sys-
tems, the conventional second law emerges.

The Jarzynski equality
The various FTs that have been reported differ in the de-
tails of such considerations as whether the system’s dy-
namics are stochastic or deterministic, whether the kinetic
energy or some other variable is kept constant, and
whether the system is initially prepared in equilibrium or
in a nonequilibrium steady state. A novel treatment of dis-
sipative processes in nonequilibrium systems was intro-
duced in 1997 when Christopher Jarzynski reported a non-
equilibrium work relation,4 now called the Jarzynski
equality (JE). (See PHYSICS TODAY, September 2002, page

19.) The JE indicates a practical way to determine free-
energy differences. Consider a system, kept in contact with
a bath at temperature T, whose equilibrium state is de-
termined by a control parameter x. Initially, the control pa-
rameter is xA and the system is in an equilibrium state A.
The nonequilibrium process is obtained by changing x ac-
cording to a given protocol x(t), from xA to some final value
xB. In general, the final state of the system will not be at
equilibrium. It will equilibrate to a state B if it is allowed
to further evolve with the control parameter fixed at xB.
The JE states that 

(4)

where DG is the free-energy difference between the equilib-
rium states A and B, and the angle brackets denote an 
average taken over an infinite number of nonequilibrium
experiments repeated under the protocol x(t). Frequently,
the JE is recast in the form ∀exp(⊗Wdis)/kBT¬ ⊂ 1, 
where Wdis ⊂ W ⊗ DG is the dissipated work along a given
trajectory.

The exponential average appearing in the JE implies
that ∀W¬ $ DG or, equivalently, ∀Wdis¬ $ 0, which, for macro-
scopic systems, is the statement of the second law of ther-
modynamics in terms of free energy and work. An impor-
tant consequence of the JE is that, although on average
Wdis $ 0, the equality can only hold if there exist nonequi-
librium trajectories with Wdis % 0. Those trajectories, some-
times referred to as transient violations of the second law,
represent work fluctuations that ensure the microscopic
equations of motion are time-reversal invariant. The re-
markable JE implies that one can determine the free-
energy difference between initial and final equilibrium
states not just from a reversible or quasi-static process that
connects those states, but also via a nonequilibrium, irre-
versible process that connects them. The ability to bypass
reversible paths is of great practical importance.

In 1999, Gavin Crooks related various FTs by deriv-
ing a generalized theorem for stochastic microscopically
reversible dynamics.5 The box below gives details. 
The past six years have seen further consolidation, and
physicists now understand that neither the details of just
which quantities are maintained constant during the dy-
namics nor the somewhat differing interpretations of en-
tropy production, entropy production rate, dissipated
work, exchanged heat, and so forth lead to fundamentally
distinct FTs.

exp ⊂ exp⊗ ⊗
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Figure 4. Testing the Jarzynski equality. A molecule of RNA
is attached to two beads and subjected to reversible and ir-
reversible cycles of folding and unfolding. A piezoelectric
actuator controls the position of the bottom bead, which,
when moved, stretches the RNA. An optical trap formed by
two opposing lasers captures the top bead, and the change
in momentum of light that exits the two-beam trap deter-
mines the force exerted on the molecule connecting the two
beads. The difference in positions of the bottom and top
beads gives the end-to-end length of the molecule. The
blowup shows how the RNA molecule (green) is coupled
with the two beads via molecular handles (blue). The han-
dles end in chemical groups (red) that can be stuck to com-
plementary groups (yellow) on the bead. The blowup is not
to scale: The diameter of the beads is around 3000 nm,
much greater than the 20-nm length of the RNA.

The Crooks Fluctuation Theorem

Gavin Crooks provided a significant generalization of an important fluctuation theorem (FT) obtained earlier by Christopher
Jarzynski. As described in the text, the Jarzynski equality (JE) relates the change DG in free energy of two equilibrium states

to an appropriate work average calculated with an irreversible path. In the Jarzynski scenario, and also in Crooks’s general-
ized FT, the system is initially in thermal equilibrium but then driven out of equilibrium by the action of an external agent. Let
xF(s) denote a time-dependent nonequilibrium “forward” process for which the variable s runs from 0 to some final time t. The
forward process initially acts on an equilibrium state A and it and ends at a state B that is not at equilibrium. In the reverse
process, the initial state B is allowed to reach equilibrium and the system evolves to a nonequilibrium state A. The nonequi-
librium protocol for the reverse process xR(s) is time-reversed with respect to the forward one, xR(s) ⊂ xF(t ⊗ s), so that both
processes last for the same time t. Let PF(W) and PR(W) stand for the work probability distributions along the forward and re-
versed processes respectively. Then the Crooks FT asserts

The Crooks FT can be manipulated to yield the JE. It also resembles the Gallavotti–Cohen FT (equation 3) derived for
steady-state systems if one identifies st with Wdis /T ⊂ (W ⊗ DG)/T. The main difference is that the Gallavotti–Cohen relation
is asymptotically valid, whereas the Crooks theorem holds for any finite time t.

⊂ expP WF( )
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[Collin et al, Nature 437, 231 (2005)]

along the unfolding path while (absolute) values smaller than DG
occur more often along the refolding path. As can be seen from
equation (1), the CFT states that although PU(W), PR(2W) depend
on the pulling protocol, their ratio depends only on the value of DG.
Thus the value of DG can be determined once the two distributions
are known. In particular, the two distributions cross at W ¼ DG:

PUðWÞ ¼ PRð2WÞ)W ¼ DG ð3Þ
regardless of the pulling speed. Although the simple identity (3)
already gives an estimate of DG, it is not necessarily very precise
because it uses only the local behaviour of the distribution around
W ¼ DG. Using the whole work distribution increases the precision
of the free-energy estimate19. In particular, as we show below, when
the overlapping region of work values between the unfolding and
refolding work distributions is too narrow (as may happen for large
values of the average dissipated work, defined as kWdisl ¼ kWl 2
DG), the use of Bennett’s acceptance ratio method20 makes it possible
to extract accurate estimates of DG using the CFT (see the Sup-
plementary Information).
We first experimentally test the validity of the CFT for a molecular

transition occurring near equilibrium. For this, we use a short
interfering (si)RNA hairpin that targets the messenger RNA of the
CD4 receptor of the human immunodeficiency virus (HIV)11 and
that unfolds irreversibly but not too far from equilibrium at acces-
sible experimental pulling speeds (dissipated work values less than
6kBT). Under these conditions, the unfolding and refolding work
distributions overlap over a sufficiently large range of work values to
justify the use of the direct method to experimentally test equation
(1). The work done on the molecules during either pulling or
relaxation is given by the areas below the corresponding force–
extension curves (Fig. 1).
Unfolding and refolding work distributions at three different

pulling speeds are shown in Fig. 2. Irreversibility increases with the
pulling speed and unfolding–refolding work distributions become
progressively more separated. Note, however, that the unfolding and
the refolding distributions cross at a value of the work DG¼
110:3^ 0:5kBT that does not depend on the pulling speed, as
predicted by equation (3). Moreover, the work distributions also

satisfy the CFT, that is, equation (1) (see the Supplementary
Information). We also notice that work distributions are compatible
with, and can be fitted to, gaussian distributions (data not shown).
After subtracting the contribution arising from the entropy loss due
to the stretching of the molecular handles attached on both sides of
the hairpin (DGhandles ¼ 23.8 kBT) and of the extended single-
stranded (ss)RNA ðDGssRNA ¼ 23:7^ 1kBTÞ from the total work,
DGexp ¼ 110:3^ 0:5kBT, we obtain for the free energy of unfolding
at zero forceDGexp

0 ¼ 62:8^ 1:5kBT ¼ 37:2^ 1kcalmol21 (at 258C,
in 100mM Tris-HCl, pH 8.1, 1mM EDTA), in excellent agreement
with the result obtained using the Visual OMP from DNA software21

DGmfold
0 ¼ 38kcalmol21 (at 258C, in 100mM NaCl).
To extend the experimental test of the validity of the CFT to the

very-far-from-equilibrium regime where the work distributions are
no longer gaussian, we apply the CFT to determine: (1) the difference
in folding free energy between an RNA molecule and a mutant that
differs only by one base-pair, and (2) the thermodynamic stabilizing
effect of Mg2þ ions on the RNA structure. The RNAwe consider is a
three-helix junction of the 16S ribosomal RNA of Escherichia coli12

that binds the S15 protein. The secondary structure of this RNA is a
common feature in RNA structures22–24 that plays, in this case, a
crucial role in the folding of the central domain of the 30S ribosomal
subunit. For comparison, and to verify the accuracy of the method,
we have pulled the wild type and a CzG to GzC mutant (C754G to
G587C) of the three-helix junction.
Figure 3 depicts the unfolding and refolding work distributions for

the wild-type and mutant molecules (work values were binned into
about 10–20 equally spaced intervals). For both molecules, the
distributions display a very narrow overlapping region. In contrast
with the hairpin distribution, the average dissipated work for the
unfolding pathway is now much larger—in the range 20–40kBT —
and the unfolding work distribution shows a large tail and strong
deviations from gaussian behaviour. Thus, these molecules are ideal
to test the validity of equation (1) in the far-from-equilibrium
regime. As shown in the inset of Fig. 3, the plot of the log ratio of
the unfolding to the refolding probabilities versus total work done on
the molecule can be fitted to a straight line with a slope of 1.06, thus
establishing the validity of the CFT (see equation (1)) under far-
from-equilibrium conditions. Ourmeasurements reveal the presence
of long tails in the work distribution PU(W) along the unfolding path

Figure 2 | Test of the CFT using an RNA hairpin. Work distributions for
RNA unfolding (continuous lines) and refolding (dashed lines). We plot
negative work, PR(2W), for refolding. Statistics: 130 pulls and three
molecules (r ¼ 1:5pNs21), 380 pulls and four molecules (r ¼ 7:5pNs21),
700 pulls and three molecules (r ¼ 20:0pNs21), for a total of ten separate
experiments. Good reproducibility was obtained among molecules (see
Supplementary Fig. S2). Work values were binned into about ten equally
spaced intervals. Unfolding and refolding distributions at different speeds
show a common crossing around DG¼ 110:3kBT.

Figure 1 | Force–extension curves. The stochasticity of the unfolding and
refolding process is characterized by a distribution of unfolding or refolding
work trajectories. Five unfolding (orange) and refolding (blue) force–
extension curves for the RNA hairpin are shown (loading rate of 7.5 pN s21).
The blue area under the curve represents the work returned to the machine
as the molecule switches from the unfolded to the folded state. The RNA
sequence is shown as an inset.
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Colloidal particle trapped by the optical trap (≈harmonic potential)

breathing trap

[Lee&Kwon&Pak, PRL (2015)]
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Heat Flux and Entropy Produced by Thermal Fluctuations
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We report an experimental and theoretical analysis of the energy exchanged between two conductors

kept at different temperature and coupled by the electric thermal noise. Experimentally we determine, as

functions of the temperature difference, the heat flux, the out-of-equilibrium variance, and a conservation

law for the fluctuating entropy, which we justify theoretically. The system is ruled by the same equations

as two Brownian particles kept at different temperatures and coupled by an elastic force. Our results set

strong constraints on the energy exchanged between coupled nanosystems held at different temperatures.

DOI: 10.1103/PhysRevLett.110.180601 PACS numbers: 05.70.Ln, 05.40.!a

The fluctuations of thermodynamics variables play an
important role in understanding the out-of-equilibrium
dynamics of small systems [1,2], such as Brownian parti-
cles [3–7], molecular motors [8], and other small devices
[9]. The statistical properties of work, heat, and entropy
have been analyzed within the context of the fluctuation
theorem [10] and stochastic thermodynamics [1,2] in sev-
eral experiments on systems in contact with a single heat
bath and driven out of equilibrium by external forces or
fields [3–9]. In contrast, the important case in which the
system is driven out of equilibrium by a temperature
difference and energy exchange is produced only by the
thermal noise has been analyzed only theoretically on
model systems [11–19] but never in an experiment because
of the intrinsic difficulties of dealing with large tempera-
ture differences in small systems.

We report here an experimental and theoretical analysis
of the statistical properties of the energy exchanged
between two conductors kept at different temperature and
coupled by the electric thermal noise, as depicted in
Fig. 1(a). This system is inspired by the proof developed
by Nyquist [20] in order to give a theoretical explanation of
the measurements of Johnson [21] on the thermal noise
voltage in conductors. In his proof, assuming thermal
equilibrium between the two conductors, he deduces the
Nyquist noise spectral density. At that time, well before the
fluctuation dissipation theorem, this was the second
example, after the Einstein relation for Brownian motion,
relating the dissipation of a system to the amplitude of the
thermal noise. In this Letter we analyze the consequences
of removing the Nyquist’s equilibrium conditions, and we
study the statistical properties of the energy exchanged
between the two conductors kept at different temperature.
This system is probably among the simplest examples
where recent ideas of stochastic thermodynamics can be
tested, but in spite of its simplicity the explanation of the
observations is far from trivial. We measure experimen-
tally the heat flowing between the two heath baths and
show that the fluctuating entropy exhibits a conservation

law. This system is very general because it is ruled by the
same equations of two Brownian particles kept at different
temperatures and coupled by an elastic force [13,19]. Thus
it gives more insight into the properties of the heat flux
produced by mechanical coupling, in the famous Feymann
ratchet [22–24] widely studied theoretically [13] but never
in an experiment. Therefore, our results have implications
well beyond the simple system we consider here.
Such a system is sketched in Fig. 1(a). It is constituted

by two resistances R1 and R2, which are kept at different
temperature T1 and T2, respectively. These temperatures
are controlled by thermal baths and T2 is kept fixed at
296 K, whereas T1 can be set at a value between 296 and
88 K using liquid nitrogen vapor as a circulating coolant. In
the figure, the two resistances have been drawn with their
associated thermal noise generators !1 and !2, whose
power spectral densities are given by the Nyquist formula
j~!mj2 ¼ 4kBRmTm, withm ¼ 1, 2 (see Eqs. (2) and (3) and
Supplemental Material [25]). The coupling capacitance C
controls the electrical power exchanged between the

FIG. 1 (color online). (a) Diagram of the circuit. The resistan-
ces R1 and R2 are kept at temperature T1 and T2 ¼ 296 K,
respectively. They are coupled via the capacitance C. The
capacitances C1 and C2 schematize the capacitance of the cables
and of the amplifier inputs. The voltages V1 and V2 are amplified
by the two low noise amplifiers A1 and A2 [26]. (b) The circuit in
(a) is equivalent to two Brownian particles (m1 and m2) moving
inside two different heat baths at T1 and T2. The two particles are
trapped by two elastic potentials of stiffness K1 and K2 and
coupled by a spring of stiffness K [see text and Eqs. (3) and (4)]
The analogy with the Feymann ratchet can be made by assum-
ing, as in Ref. [13], that the particle m1 has an asymmetric shape
and on average moves faster in one direction than in the other.

PRL 110, 180601 (2013) P HY S I CA L R EV I EW LE T T E R S
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3 MAY 2013
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[Ciliberto et al, PRL (2013)]
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particle trapped in a harmonic potential and
driven by a nonconservative rotation force

Linear system
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to test the various FTs
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Szilard Engine
probability table for Gas and Demon
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1
4

1
4

1
4

1
4

ii) after m and fc

iii) after process

entropy changes

i) ln 2 ln 2 +00 +0

+0ii) ln 2 ln 2ln 2 +0

iii) ln 2 ln 2 ln 4 � ln 2 +0

SG SG,D Sbath S
tot

SD

2nd law!

Information thermodynamics

In the presence of Maxwell’s demon

Extended second law

S
tot

= S
sys,demon

+ S
bath

= S

sys

+ S

demon

� I(sys; demon) + S

bath

�(S
sys

+ S

demon

+ S

bath

) � �I(sys; demon)

mutual information

[Sagawa&Ueda, PRL (2008, 2010, 2012)] 
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JONG-MIN PARK, JAE SUNG LEE, AND JAE DONG NOH PHYSICAL REVIEW E 93, 032146 (2016)
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t = tn

M(tn) = 1M(tn) = 0

X

V

X

V

∆W
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feedback
t = t+n

λ(t+n ) = λ(t−n ) + M(tn)xf

relaxation
t+n < t < t+n + τ

X

V

λ(t−n+1) X

V

λ(t−n+1)

FIG. 1. Illustration of the engine cycle during the time interval
tn ! t < tn+1 of the engine. At the measurement step, it is determined
whether the particle is on the left-hand side [M(tn) = 0] or the
right-hand side [M(tn) = 1] of the position λ(t−

n ) + xm represented
by the (blue) dashed line. At the feedback step, if M(tn) = 1, the
potential center is instantaneously shifted to λ(t+

n ) = λ(t−
n ) + xf and

the mechanical work "W (tn) is extracted. At the relaxation step, the
particle is relaxed with the fixed potential center at λ(t+

n ) until the
next cycle starts at time tn+1.

brackets ⟨· · · ⟩ mean the ensemble average. Note that the
Langevin dynamics (1), when λ(t) is time independent,
is known as the Ornstein-Uhlenbeck process [29,30]. For
convenience, we will set γ = k = kBT = 1 by rescaling
time, length, and energy in units of γ /k,

√
kBT /k, and kBT ,

respectively.
The Brownian system can be used as an information

engine by measuring X and controlling λ(t) depending on the
measurement outcome. Here, we consider the following time-
periodic measurement and the feedback control operations,
which are also illustrated in Fig. 1.

Measurement. At time t = nτ ≡ tn (n = 0,1,2, . . .), a
measurement is performed to determine which side of a
reference position at λ(tn) + xm the Brownian particle is
located at. The measurement outcome is represented by a
binary parameter

M(tn) =
!

1 if X(tn) " λ(tn) + xm,

0 if X(tn) < λ(tn) + xm.
(2)

The information obtained during the measurement step can be
exploited to extract work.

Feedback control. When Mn(tn) = 0, the potential center
remains unchanged. That is,

λ(t+n ) = λ(t−n ), (3)

where t−n (t+n ) denotes the moment just before (after) the
measurement performed at time tn. On the other hand, when
M(tn) = 1, the potential center is shifted instantaneously by
the amount of xf :

λ(t+n ) = λ(t−n ) + xf . (4)

By shifting the potential center, we can extract work "W (tn)
as much as the change in the potential energy caused by the
shift. We adopt a convention that "W (tn) is positive (negative)
when the work is produced by (done on) the Brownian particle.
It is given by

"W (tn) = V (X(tn),λ(t−n )) − V (X(tn),λ(t+n ))

= xf

"#
X(tn) − λ(t−n ) − 1

2xf

$
. (5)

Note that the extracted work is negative when xf < 0. Hence,
we only consider the case with xf " 0.

Relaxation. In the time interval tn < t < tn+1, the particle
evolves in time with fixed λ(t) = λ(t+n ) according to the
Langevin equation (1) until the next cycle begins at time tn+1.
During this step, the particle exchanges the thermal energy
with the heat bath.

The engine is characterized by the three parameters: xm

for the measurement, xf for the feedback, and τ for the
relaxation. Thus, the extracted work per cycle or the power
depends on the choice of those parameters. We are interested
in the optimal choice of the parameters under which the
steady-state average of the extracted work per cycle or the
power becomes maximum. We remark that our model is a
generalized version of the information ratchet introduced in
Ref. [4], which corresponds to the case with xf = 2xm and
τ = ∞.

III. COORDINATE TRANSFORMATION

The engine configuration is specified by the positions
of the particle X and the potential center λ. Note that the
potential center is shifted by the amount of xf each time the
measurement outcome is 1. Hence, it is convenient to introduce
an integer variable l ≡ λ/xf which counts the number of
potential-center shifts. We introduce Pn(X,l) to denote the
joint probability distribution of X and l at time t = t−n . The
joint probability distribution satisfies the recursion relation

Pn+1(X,l) =
% lxf +xm

−∞
K

(τ )
lxf

(X|Z)Pn(Z,l)dZ

+
% ∞

(l−1)xf +xm

K
(τ )
lxf

(X|Z)Pn(Z,l − 1)dZ, (6)

where

K (τ )
α (X|Z) =

exp
"
− [X−α−(Z−α)e−τ ]2

2(1−e−2τ )

$
&

2π (1 − e−2τ )
(7)

032146-2

information heat engine information motor

[Park&Lee&Noh, PRE (2016)]

Thermodynamic bounds
Stochastic learning in neural networks without feedback

Learning efficiency is bounded by the thermodynamic cost

Efficiency bound for a machine learning with feedback

neural
networks 
with {w}

{(⇠µ,�µ
T )} {�µ}=) =)

T

I(�T ;�)  �S(w) +�Q/T [Goldt&Seifert, PRL (2017)]
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FIG. 1: The Brownian Carnot engine. (A) Sketch of the experiment. A single particle is confined in an optical trap with
sti↵ness . The particle is subjected to an external random electric field that controls the temperature of the e↵ective thermal
bath T . Both  and T can be arbitrarily managed using custom designed signals to implement the cycle with the desired
duration. (B) Experimental protocol in the T �  plane, consisting of four processes: (1) Isothermal compression at T = Tc

(blue); (2) Adiabatic compression from T = Tc to T = Th (magenta); (3) Isothermal expansion at T = Th (red); (4) Adiabatic
expansion from Th to Tc (green). Solid lines are the prescribed experimental protocols, the black arrow indicating the direction
of the operation of the engine, while the output of our measurements is represented with symbols. Filled symbols are ensemble
averages over series of cycles of duration ⌧ = 200ms during ⌧

exp

= 50 s whereas open symbols correspond to ensemble averages
over series of ⌧ = 30ms cycles (corresponding to the engine operated at maximum power, see below) during ⌧

exp

= 50 s. In
both cases the temperature of the particle is measured from the mean square displacement, T

part

(t) = (t)hx2(t)i/k . (C)

Clapeyron diagram (conjugated force hx2i/2 vs controllable parameter ) of the engine obtained with the same durations of
cycle. The area within the cycle is equal to the mean work obtained during the cycle. (D) T–S diagram. The entropy change
is calculated as the di↵erence between the Shannon entropy of the full phase space (position and velocity) at any time t and
its value at the beginning of the cycle.

tion, the optical potential is harmonic and characterized
by the trap sti↵ness , U(x, t) = x(t)2/2. Here the
trap sti↵ness plays the role of the control parameter as
the volume of the piston does in classical thermodynamic
engines. The Hamiltonian or total energy of the particle
is H(x, p; ) = x2/2+p2/(2m), p = mẋ being the linear
momentum of the particle. The conjugated force for 
is F(t) ⌘ @H/@ = x2(t)/2, which is stochastic. As a
result, the work necessary to implement a change d in
the external parameter, °W (t) = F(t)d, and the heat
or energy transfer from the thermal bath to the parti-
cle, °Q(t) = dH(x(t), p(t)) � °W (t), are also fluctuating
quantities.

As in standard thermodynamics, we first character-
ize the equilibrium states. The phase space density is
⇢
eq

(x, p; , T ) ⌘ e��H(x,p;)/Z(, T ), with Z(, T ) ⌘R
dxdpe��H(x,p;), � = 1/(kT ), k being Boltzmann’s

constant. The equation of state reads hFi
eq

=
hx2i

eq

/2 = kT/(2) and the equation for the energy
E ⌘ hH(x, p; , T )i

eq

= kT , where the brackets de-
note average over ⇢

eq

(x, p; , T ). Next, we consider qua-
sistatic processes where the system is in equilibrium
at any stage of the process. In that case the aver-
age work is h°W i

eq

= kT/(2)d and the average heat
h°Qi

eq

= kdT �kT/(2)d. An adiabatic process is such
that h°Qi

eq

= 0 and therefore T (t)2/(t) = constant.
The adiabatic process can be equivalently defined as
the process where the Shannon entropy of the particle
S

eq

= �k
R

dx dp ⇢
eq

ln ⇢
eq

is constant.

We construct a Brownian Carnot engine with an opti-
cally trapped polystyrene particle of radius R = 500 nm
concatenating the following processes (Fig. 1A and B):
(1) Isothermal compression increasing  from 

0

= (2.0±
0.2) pN/µm to 

1

= (6.5 ± 0.2) pN/µm, at constant ki-

Brownian heat engine [Martinez et al, NatPhys (2016)]

Microscopic heat engines

Efficiency vs Power

Efficiency at maximum power

Trade-Off relation between power and efficiency 

efficiency

po
w

er

⌘C⌘MP

Markov processes in Refs. [34–36] played an important
role. Some of the crucial ideas and techniques in the present
Letter appeared in Ref. [37] by two of us (N. S. and K. S.).
Main results.—Consider an arbitrary heat engine which

undergoes a cyclic process with period τ. During a cycle, the
engine may interact with n external heat baths with finite
inverse temperatures β1;…; βn in an arbitrary manner. Let
JνðtÞ be the heat current that flows from the engine to the νth
bath at time t. The energy conservation implies that the total
work done by the engine isW ¼ −

Pn
ν¼1

R
τ
0 dtJνðtÞ. Define

the total entropy production in the baths, which is a measure
of dissipation in the cycle, by

ΔS ≔
Xn

ν¼1

βν

Z
τ

0
dtJνðtÞ: ð1Þ

It satisfies ΔS ≥ 0, which is the second law.
Our main finding is the inequality

!Z
τ

0
dt

Xn

ν¼1

jJνðtÞj
"

2

≤ τΘ̄ΔS; ð2Þ

which is proved for a general engine described by a Markov
process. Here Θ̄, which depends on the model and state, is
always finite and proportional to the size of the engine [38].
For the standard Langevin-type heat baths described by
Eq. (7), one has Θ̄ ¼ 2γ̄ K̄ =β̄ m̄, where K̄ denotes the time
average of the total kinetic energy of the engine, and β̄, γ̄
and m̄ are properly averaged inverse temperatures (of the
baths) and the damping constant and the mass (of the
engine), respectively. See Ref. (11). Note that both the lhs
and rhs of Eq. (2) are proportional to the square of the size
of the engine. Therefore the inequality is meaningful in the
thermodynamic limit as well.
The inequality (2) manifests the fundamental trade-off

relation: nonvanishing current inevitably induces dissipation.
To see the implication on efficiency of heat engines, consider
the case with n ¼ 2 and let the inverse temperatures of the
baths be βH and βL with βH < βL. We denote, as usual, by
QH > 0 the heat absorbed by the engine from the bath with
βH, and by QL > 0 the heat flowed from the engine to
the bath with βL. The work is then W ¼ QH −QL, and the
entropy production is ΔS ¼ βLQL − βHQH. The bound
Eq. (2) reduces to ðQH þQLÞ2 ≤ τΘ̄ΔS.
Let η ≔ W=QH be the efficiency of the engine, and ηC ≔

1 − ðβH=βLÞ be the Carnot efficiency. Noting a relation in
thermodynamics ηðηC − ηÞ ¼ WΔS=fβLðQHÞ2g [23], our
bound yields a trade-off relation between power and
efficiency

W
τ
≤ Θ̄βLηðηC − ηÞ: ð3Þ

The averaged power W=τ must vanish as η↑ηC or
(obviously) as η↓0. We conclude that an engine with
nonvanishing power never attains the maximum efficiency.
The bound (3) was discussed numerically in Ref. [20] for

thermoelectric phenomena, and derived for Brownian heat
engines with time reversal symmetry in Ref. [24], both in
the linear response regime. It is proved here for systems
arbitrarily far from equilibrium for general models without
any specific symmetry.
Setup and the main inequality.—Suppose that there are

a heat engine, n heat baths with inverse temperatures
β1;…; βn, and an external agent who operates on the engine
(by, e.g., moving a piston, changing a potential, attaching or
detaching heat baths). Although our theorem applies to
general Markov processes, we focus on a general classical
engine modeled as a system of N particles (with inertia)
with arbitrary confining potential and interaction, possibly
under magnetic field. Let mi, ri, and vi denote the mass, the
position, and the velocity, respectively, of the ith particle
(with i ¼ 1;…; N) [39]. We collectively represent by X ¼
ðr1;…; rN ; v1;…; vNÞ the state of the system. We assume
that the system is characterized by a set of parameters λ,
which does not only determine the dynamics of the system
(i.e., engine), but also the way it couples to the baths. We
denote by EλðXÞ ≔

PN
i¼1mijvij2=2þ Uλðr1;…; rNÞ the

total energy of the system with parameter λ.
The external agent varies the parameters according to a

fixed function λðtÞ of time t. Let PtðXÞ be the probability
density to find the system in X at t. It obeys the continuous
master equation [40,41]

∂
∂tPtðXÞ ¼ ðL̂λðtÞPtÞðXÞ: ð4Þ

The time evolution operator is decomposed into determin-
istic and dissipative parts as

L̂λ ¼ L̂0;λ þ
Xn

ν¼1

XN

i¼1

L̂ν;λ
i : ð5Þ

Here L̂0;λ is the Liouville operator (see C of Ref. [42])
for the deterministic dynamics described by the Newton
equation mi ̈riðtÞ ¼ Fλ

i ðXÞ. The force Fλ
i ðXÞ consists of

−∇iUλðr1;…; rNÞ and, possibly, some velocity dependent
force (such as the Lorentz force). The only assumption is
that the resulting time evolution with fixed λ preserves both
the phase space volume and the total energy.
The operator L̂ν;λ

i with ν ¼ 1;…; n and i ¼ 1;…; N
represents the dissipation of the ith particle, i.e., the change
in vi, caused by the νth heat bath. The most general
expression reads [40]

ðL̂ν;λ
i PÞðXÞ ≔

Z
dYfrν;λi ðX; YÞPðYÞ − rν;λi ðY; XÞPðXÞg;

ð6Þ

where rν;λi ðX; YÞ ≥ 0 is the hopping rate from Y to X.
It leaves the canonical distribution with βν invariant,
i.e.,

R
dYfrν;λi ðX; YÞe−βνEλðYÞ − rν;λi ðY; XÞe−βνEλðXÞg ¼ 0.

Discrete noise in small engines such as the Rayleigh piston

PRL 117, 190601 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending

4 NOVEMBER 2016

190601-2

[Shiraishi&Saito&Tasaki, PRL (2016)]

Thermodynamic uncertainty relation
Nonequilibrium system driven by external field,  
 
fluctuating time-integrated current X = J t  
heat dissipation with rate q

Thermodynamic uncertainty relation  
 
 
 
 
uncertainty              requires at least a cost of 

[Barato&Seifert, PRL (2015)]Q ⌘ hX2i � hXi2

hXi2 ⇥ qt

T
=

(�J)2

J2
⇥ q � 2

✏ = �J/J 2/✏2

Velocity-dependent forces

Charged particles with B field, active particles, …

Entropy as Irreversibility

Reverse process to a given forward process?

Fluctuation-dissipation relations,…

�S
tot

[q(t)] = ln

Prob

F

[q(t)]

Prob

R

[qR(t)]

B

=)

=)

[Chun&Noh, arXiv (2017)]  
[Lee&Lahiri&Park, PRE (2017)]  
[Yeo&Kwon&Lee&Park, JSTAT (2016)]  
[Lee&Kwon&Park, PRL (2013)]
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