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Quantum Mechanics
Quantum state: 

Schrödinger equation  
 
 
 
 

Measurement  
- You can get only one of the eigenstates of an observable.



Quantum Information Processing

Data Processor Reading
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Universal set of quantum gates:  
 ex) one-qubit gates + two-qubit gates



Quantum Gates
Single-qubit gates 
 
 
 

Two-qubit gates 
ex) Controlled-NOT

Bloch sphere

| i = cos ✓|"i+ ei� sin ✓|#i

c1|00i+ c2|01i+ c3|10i+ c4|11i
! c1|00i+ c2|01i+ c3|11i+ c4|10i
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Is QC better?
At least, as powerful as classical computers

Shor’s factoring algorithm (1994) 

15=3×5

1530139840338417861444105471571721875214744999611649167849886997179623007907811460743
623 = 123748901729835916290345690812639047190237401×123648761237409871289037490817293 
04790123423 

NP problem?

RSA cryptosystem is broken down.

Abelian hidden subgroup problem  
ex) Period finding (12, 8, 16, 4, 20, …), Factoring, …

Quantum simulation

Faster than classical computers? NO!
(1982)



Is QC feasible?
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You can’t make a QC  
because it is analog!

It is digital!



Digital? In what sense?
Logic is digital.

Hardwares are analog, but tailored.

Need to care about errors.

http://computing.dcu.ie/~humphrys/Notes/Networks/physical.html

http://computing.dcu.ie/~humphrys/Notes/Networks/physical.html
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Universal set of quantum gates 
ex) {RY(π/2), RZ(π/4), CNOT}

Error rates

0 |"↵
1� p

p

1

0

|#↵
RX (180�)
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Quantum Mechanics
Measurements are destructive.  

No cloning theorem

|011ic0 |000i+ c1 |001i+ c2 |010i+ c3 +c4 |100i+ c5 |101i+ c6 |110i+ c7 |111i

  
Wootters & Zurek, Nature 1982
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Error correction is possible!  
We even have 
Fault-tolerance theorems!

QM has too many restrictions!

So, error correction is not possible!
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Quantum Error Correction

G GE E E

E 1-p: no error

p/3: σX

p/3: σZ

p/3: σY

ex)

σX & σZ

RY (⇡/2)
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Concatenation of Codes

0L1: 000
1L1: 111

Encoding

0L2: 0L10L10L1

1L2: 1L11L11L1

0L3: 0L20L20L2

1L3: 1L31L31L3

# of bits

3

32

33

Error rate

∼ p2

∼ p4

∼ p8

3ll-th level ∼ p2l
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Fault-Tolerant QC
Quantum error correction

Concatenation of error-correcting codes

Encoded operation

Fault-tolerance threshold: p ≲ 1%

Trade-off between p and the amount of resource

Realistic threshold: p ≲ 0.01%

E. Knill, Nature 2005 
R. Raussendorf et al. PRL 2007
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We will solve NP problems!
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Cavity QED

Of the various superconducting qubits, the Cooper pair box11 is
especially well suited for cavity QED because of its large effective
electric dipole moment d, which can be 104 times larger than in an
alkali atom and ten times larger than a typical Rydberg atom12. As
suggested in our earlier theoretical study12, the simultaneous com-
bination of this large dipole moment and the large vacuum field
strength—due to the small size of the quasi one-dimensional
transmission line cavity—in our implementation is ideal for reach-
ing the strong coupling limit of cavity QED in a circuit. Other solid-
state analogues of strong coupling cavity QED have been envisaged
in superconducting13–20, semiconducting21,22, and even micro-
mechanical systems23. First steps towards realizing such a regime
have been made for semiconductors21,24,25. To our knowledge, our
experiments constitute the first experimental observation of strong
coupling cavity QED with a single artificial atom and a single
photon in a solid-state system.

The on-chip cavity is made by patterning a thin superconducting
film deposited on a silicon chip. The quasi-one-dimensional co-
planar waveguide resonator26 consists of a narrow centre conductor
of length l and two nearby lateral ground planes, see Fig. 1a. Close to
its full-wave (l ¼ l) resonance frequency, qr ¼ 2pnr ¼ 1=

ffiffiffiffiffiffi
LC

p
¼

2p6:044GHz; where n r is the bare resonance frequency, the reso-
nator can bemodelled as a parallel combination of a capacitorC and
an inductor L (the internal losses are negligible). This simple
resonant circuit behaves as a harmonic oscillator described by the
hamiltonian H r ¼ "q r(a

†a þ 1/2), where ka†al¼ kn̂l¼ n is the
average photon number. At our operating temperature of
T , 100mK, much less than "q r/kB < 300mK, the resonator is
nearly in its ground state, with a thermal occupancy n , 0.06. The
vacuum fluctuations of the resonator give rise to a rootmean square
(r.m.s.) voltage V rms ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"qr=2C

p
< 1mV on its centre conductor,

and an electric field between the centre conductor and the ground
plane that is a remarkable E rms < 0.2 Vm21, some hundred times
larger than in the three-dimensional cavities used in atomic micro-
wave cavity QED3. The large vacuum field strength results from the
extremely small effective mode volume (,1026 cubic wavelengths)
of the resonator12.
The resonator is coupled via two coupling capacitors C in/out, one

at each end (see Fig. 1b), to the input and output transmission lines
that allow its microwave transmission to be probed (see Fig. 2a–c).
The predominant source of dissipation is the loss of photons from
the resonator through these ports at a rate k ¼ q r/Q, whereQ is the
(loaded) quality factor of the resonator. The internal (uncoupled)
loss of the resonator is negligible (Q int < 106). Thus, the average
photon lifetime in the resonator Tr ¼ 1/k exceeds 100 ns, even for
our initial choice of a moderate quality factor Q < 104.
The Cooper pair box (CPB) consists of a several micrometre long

and submicrometre wide superconducting island which is coupled
via two submicrometre size Josephson tunnel junctions to a much
larger superconducting reservoir, and is fabricated in the gap
between the centre conductor and the ground plane of the resonator,
at an antinode of the field (see Fig. 1c). The CPB is a two-state
system described by the hamiltonian13 Ha ¼2ðEeljx þ EJjzÞ=2,
where Eel ¼ 4ECð12 ngÞ is the electrostatic energy and EJ ¼
EJ;maxcosðpFbÞ is the Josephson energy. The overall energy scales
of these terms, the charging energy EC and the Josephson energy
E J,max, can be readily engineered during the fabrication by the
choice of the total box capacitance and resistance respectively, and
then further tuned in situ by electrical means. A gate voltage Vg

applied to the input port (see Fig. 2a), induces a gate charge ng ¼
VgCg*=e that controls E el, where Cg* is the effective capacitance
between the input port of the resonator and the island of the CPB. A
flux bias Fb ¼ F/F0, applied with an external coil to the loop of the
box, controls E J. Denoting the ground state of the box as j # l and the
first excited state as j " l (see Fig. 2d), we have a two-level system
whose energy separation Ea ¼ "q a can be widely varied as shown in
Fig. 3c. Coherence of the CPB is limited by relaxation from the
excited state at a rate g1, and by fluctuations of the level separation
giving rise to dephasing at a rate gJ, for a total decoherence rate
g ¼ g1/2 þ gJ (ref. 13).
The Cooper pair box couples to photons stored in the resonator

by an electric dipole interaction, via the coupling capacitance Cg.
The vacuum voltage fluctuations Vrms on the centre conductor of
the resonator change the energy of a Cooper pair on the box island
by an amount "g ¼ dE0 ¼ eVrmsCg/CS. We have shown12 that this
coupled system is described by the Jaynes–Cummings hamiltonian
H JC ¼ H r þ H a þ "g(a †j2 þ ajþ), where jþ (j2) creates
(annihilates) an excitation in the CPB. It describes the coherent
exchange of energy between a quantized electromagnetic field and a
quantum two-level system at a rate g/2p, which is observable if g is
much larger than the decoherence rates g and k. This strong
coupling limit3 g . [g, k] is achieved in our experiments. When
the detuning D ¼ q a 2 q r is equal to zero, the eigenstates of the
coupled system are symmetric and antisymmetric superpositions
of a single photon and an excitation in the CPB j^ l¼ ðj0; " l^
j1; # lÞ=

ffiffiffi
2

p
with energies E^ ¼ "(q r ^ g). Although the cavity

and the CPB are entangled in the eigenstates j ^ l, their
entangled character is not addressed in our current cavity QED
experiment which spectroscopically probes the energies E^ of the
coherently coupled system.
The strong coupling between the field in the resonator and the

CPB can be used to perform a quantum nondemolition (QND)
measurement of the state of the CPB in the non-resonant (dis-
persive) limit jDj.. g: Diagonalization of the coupled quantum
system leads to the effective hamiltonian12:

H < " qr þ
g2

D
jz

" #
a†aþ 1

2
" qa þ

g2

D

" #
jz

Figure 1 Integrated circuit for cavity QED. a, The superconducting niobium coplanar

waveguide resonator is fabricated on an oxidized 10 £ 3mm2 silicon chip using optical

lithography. The width of the centre conductor is 10 mm separated from the lateral ground

planes extending to the edges of the chip by a gap of width 5 mm resulting in a wave

impedance of the structure of Z ¼ 50Q being optimally matched to conventional

microwave components. The length of the meandering resonator is l ¼ 24mm. It is

coupled by a capacitor at each end of the resonator (see b) to an input and output feed
line, fanning out to the edge of the chip and keeping the impedance constant. b, The
capacitive coupling to the input and output lines and hence the coupled quality factor Q is

controlled by adjusting the length and separation of the finger capacitors formed in the

centre conductor. c, False colour electron micrograph of a Cooper pair box (blue)
fabricated onto the silicon substrate (green) into the gap between the centre conductor

(top) and the ground plane (bottom) of a resonator (beige) using electron beam lithography

and double angle evaporation of aluminium. The Josephson tunnel junctions are formed

at the overlap between the long thin island parallel to the centre conductor and the fingers

extending from the much larger reservoir coupled to the ground plane.

letters to nature

NATURE |VOL 431 | 9 SEPTEMBER 2004 | www.nature.com/nature 163©  2004 Nature  Publishing Group
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Fig. 3a) or equivalently an alternating current (a.c.) Stark shift of the
qubit frequencies23. The frequency shift x1,2 can be calculated from
the detuning D1,2 and the measured coupling strength g1,2 (ref. 21).
The last term describes the interaction between the qubits, which is a
transverse exchange interaction of strength J 5 g1g2(1/D111/D2)/2
(see Fig. 1c). The qubit–qubit interaction is a result of virtual
exchange of photons with the cavity. When the qubits are degenerate
with each other, an excitation in one qubit can be transferred to the
other qubit by virtually becoming a photon in the cavity (see Fig. 3b).
However, when the qubits are non-degenerate jv1 2 v2j? J, this
process does not conserve energy, and therefore the interaction is
effectively turned off. Thus, instead of modifying the actual coupling
constant7–9, we control the effective coupling strength by tuning the
qubit transition frequencies. This is possible because the qubit–qubit
coupling is transverse, which also distinguishes our experiment from
the situation in liquid-state nuclear magnetic resonance (NMR)
quantum computation, where an effective switching-off can only
be achieved by repeatedly applying decoupling pulses24.

We first observe the coherent interaction between the two qubits
via the cavity by performing spectroscopy of their transition frequen-
cies (see Fig. 2). This is done by monitoring the change in cavity
transmission when the qubits are probed by a second microwave
signal. By applying a magnetic flux the qubits can be tuned through
resonance with each other (see Fig. 2b), revealing an avoided cross-
ing. The magnitude of the splitting agrees well with the theoretical
value 2J 5 2g1g2/D 5 2p?26 MHz when one takes into account that
g1,2 vary with frequency for a transmon qubit21. The splitting is well
resolved, with a magnitude J much greater than the qubit linewidths,
indicating a coherent coupling and that the qubits are in the strong
dispersive limit25. We note that although the coupling strength J is
smaller than the cavity decay rate k/2p< 33 MHz, the avoided cross-
ing is nearly unaffected by the cavity loss. This is possible in such a
large-k cavity, which is required for fast measurements, because only
virtual photons are exchanged; if real photons were used, the cavity-
induced relaxation of the qubits (Purcell effect20) would make coher-
ent state transfer unfeasible.

Another manifestation of the coherence of this interaction is
the observation of a dark state. One observes a disappearance of
the spectroscopic signal near the crossing point, which is due to
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Figure 1 | Sample and scheme used to couple two qubits to an on-chip
microwave cavity. Circuit (a) and optical micrograph (b) of the chip with two
transmon qubits coupled by a microwave cavity. The cavity is formed by a
coplanar waveguide (light blue) interrupted by two coupling capacitors (purple
boxes and inset). The resonant frequency of the cavity is vr/2p5 5.19 GHz
and its width is k/2p5 33 MHz, determined by the coupling capacitors. The
cavity is operated as a half-wave resonator (L 5 l/2 5 12.3 mm) and the
electric field in the cavity is indicated by the grey line. The two transmon
qubits (optimized Cooper pair boxes, red and green boxes and inset) are
located at opposite ends of the cavity, where the electric field has an antinode.
Each transmon qubit consists of two superconducting islands connected by a
pair of Josephson junctions and an extra shunting capacitor (‘interdigitated
finger’ structure in the green inset). The left qubit (qubit 1) has a charging
energy of EC1/h 5 424 MHz and maximum Josephson energy of Emax

J1 /h 5
14.9 GHz. The right qubit (qubit 2) has a charging energy EC2/h 5 442 MHz
and maximum Josephson energy of Emax

J2 /h 5 18.9 GHz. The loop area
between the Josephson junctions for the two transmon qubits differs by a
factor of approximately 5/8, allowing a differential flux bias. The microwave
signals enter the chip from the left, and the response of the cavity is amplified
and measured on the right. c, Scheme of the dispersive qubit–qubit coupling.
When the qubits are detuned from the cavity ( | D1,2 | 5 | v1,2 2 vr | ? g1,2) the
qubits both dispersively shift the cavity. The excited state in the left qubit
|#"0æ interacts with the excited state in the right qubit |"#0æ via the exchange
of a virtual photon |##1æ in the cavity.
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Figure 2 | Cavity transmission and spectroscopy of single and coupled
qubits. a, The transmission through the cavity as a function of applied
magnetic field is shown in the frequency range between 5 and 5.4 GHz. When
either of the qubits is in resonance with the cavity, the cavity transmission
shows an avoided crossing due to the vacuum Rabi splitting. The maximal
vacuum Rabi splitting for the two qubits is the same within the measurement
uncertainty and is ,105 MHz. Above 5.5 GHz, spectroscopic measurements
of the two qubit transitions are displayed. A second microwave signal is used
to excite the qubit and the dispersive shift of the cavity frequency is
measured. The dashed lines show the resonance frequencies of the two
qubits, which are a function of the applied flux according to
v1,2~vmax

1,2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j cos (pW=W0)j

p
. The maximum transition frequency for the

first qubit is vmax
1 /2p5 7.8 GHz and for the second qubit is vmax

1 /2p5
6.45 GHz. For strong drive powers, additional resonances between higher
qubit levels are visible. The black box indicates the region shown in
b. b, Spectroscopy of the two-qubit crossing. The qubit levels show a clear
avoided crossing with a minimum distance of 2J/2p5 26 MHz. At the
crossing the eigenstates of the system are symmetric and antisymmetric
superpositions of the two qubit states. The spectroscopic drive is
antisymmetric and therefore unable to drive any transitions to the
symmetric state, resulting in a dark state. c, Predicted spectroscopy at the
qubit–qubit crossing using a markovian master equation that takes into
account higher modes of the cavity. The parameters for this calculation are
obtained from the vacuum Rabi splitting and the single-qubit spectroscopy.
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Fig. 3a) or equivalently an alternating current (a.c.) Stark shift of the
qubit frequencies23. The frequency shift x1,2 can be calculated from
the detuning D1,2 and the measured coupling strength g1,2 (ref. 21).
The last term describes the interaction between the qubits, which is a
transverse exchange interaction of strength J 5 g1g2(1/D111/D2)/2
(see Fig. 1c). The qubit–qubit interaction is a result of virtual
exchange of photons with the cavity. When the qubits are degenerate
with each other, an excitation in one qubit can be transferred to the
other qubit by virtually becoming a photon in the cavity (see Fig. 3b).
However, when the qubits are non-degenerate jv1 2 v2j? J, this
process does not conserve energy, and therefore the interaction is
effectively turned off. Thus, instead of modifying the actual coupling
constant7–9, we control the effective coupling strength by tuning the
qubit transition frequencies. This is possible because the qubit–qubit
coupling is transverse, which also distinguishes our experiment from
the situation in liquid-state nuclear magnetic resonance (NMR)
quantum computation, where an effective switching-off can only
be achieved by repeatedly applying decoupling pulses24.

We first observe the coherent interaction between the two qubits
via the cavity by performing spectroscopy of their transition frequen-
cies (see Fig. 2). This is done by monitoring the change in cavity
transmission when the qubits are probed by a second microwave
signal. By applying a magnetic flux the qubits can be tuned through
resonance with each other (see Fig. 2b), revealing an avoided cross-
ing. The magnitude of the splitting agrees well with the theoretical
value 2J 5 2g1g2/D 5 2p?26 MHz when one takes into account that
g1,2 vary with frequency for a transmon qubit21. The splitting is well
resolved, with a magnitude J much greater than the qubit linewidths,
indicating a coherent coupling and that the qubits are in the strong
dispersive limit25. We note that although the coupling strength J is
smaller than the cavity decay rate k/2p< 33 MHz, the avoided cross-
ing is nearly unaffected by the cavity loss. This is possible in such a
large-k cavity, which is required for fast measurements, because only
virtual photons are exchanged; if real photons were used, the cavity-
induced relaxation of the qubits (Purcell effect20) would make coher-
ent state transfer unfeasible.

Another manifestation of the coherence of this interaction is
the observation of a dark state. One observes a disappearance of
the spectroscopic signal near the crossing point, which is due to
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Figure 1 | Sample and scheme used to couple two qubits to an on-chip
microwave cavity. Circuit (a) and optical micrograph (b) of the chip with two
transmon qubits coupled by a microwave cavity. The cavity is formed by a
coplanar waveguide (light blue) interrupted by two coupling capacitors (purple
boxes and inset). The resonant frequency of the cavity is vr/2p5 5.19 GHz
and its width is k/2p5 33 MHz, determined by the coupling capacitors. The
cavity is operated as a half-wave resonator (L 5 l/2 5 12.3 mm) and the
electric field in the cavity is indicated by the grey line. The two transmon
qubits (optimized Cooper pair boxes, red and green boxes and inset) are
located at opposite ends of the cavity, where the electric field has an antinode.
Each transmon qubit consists of two superconducting islands connected by a
pair of Josephson junctions and an extra shunting capacitor (‘interdigitated
finger’ structure in the green inset). The left qubit (qubit 1) has a charging
energy of EC1/h 5 424 MHz and maximum Josephson energy of Emax

J1 /h 5
14.9 GHz. The right qubit (qubit 2) has a charging energy EC2/h 5 442 MHz
and maximum Josephson energy of Emax

J2 /h 5 18.9 GHz. The loop area
between the Josephson junctions for the two transmon qubits differs by a
factor of approximately 5/8, allowing a differential flux bias. The microwave
signals enter the chip from the left, and the response of the cavity is amplified
and measured on the right. c, Scheme of the dispersive qubit–qubit coupling.
When the qubits are detuned from the cavity ( | D1,2 | 5 | v1,2 2 vr | ? g1,2) the
qubits both dispersively shift the cavity. The excited state in the left qubit
|#"0æ interacts with the excited state in the right qubit |"#0æ via the exchange
of a virtual photon |##1æ in the cavity.
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Figure 2 | Cavity transmission and spectroscopy of single and coupled
qubits. a, The transmission through the cavity as a function of applied
magnetic field is shown in the frequency range between 5 and 5.4 GHz. When
either of the qubits is in resonance with the cavity, the cavity transmission
shows an avoided crossing due to the vacuum Rabi splitting. The maximal
vacuum Rabi splitting for the two qubits is the same within the measurement
uncertainty and is ,105 MHz. Above 5.5 GHz, spectroscopic measurements
of the two qubit transitions are displayed. A second microwave signal is used
to excite the qubit and the dispersive shift of the cavity frequency is
measured. The dashed lines show the resonance frequencies of the two
qubits, which are a function of the applied flux according to
v1,2~vmax

1,2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j cos (pW=W0)j

p
. The maximum transition frequency for the

first qubit is vmax
1 /2p5 7.8 GHz and for the second qubit is vmax

1 /2p5
6.45 GHz. For strong drive powers, additional resonances between higher
qubit levels are visible. The black box indicates the region shown in
b. b, Spectroscopy of the two-qubit crossing. The qubit levels show a clear
avoided crossing with a minimum distance of 2J/2p5 26 MHz. At the
crossing the eigenstates of the system are symmetric and antisymmetric
superpositions of the two qubit states. The spectroscopic drive is
antisymmetric and therefore unable to drive any transitions to the
symmetric state, resulting in a dark state. c, Predicted spectroscopy at the
qubit–qubit crossing using a markovian master equation that takes into
account higher modes of the cavity. The parameters for this calculation are
obtained from the vacuum Rabi splitting and the single-qubit spectroscopy.
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Preparation and measurement of three-qubit
entanglement in a superconducting circuit
L. DiCarlo1, M. D. Reed1, L. Sun1, B. R. Johnson1, J. M. Chow1, J. M. Gambetta2, L. Frunzio1, S. M. Girvin1, M. H. Devoret1

& R. J. Schoelkopf1

Traditionally, quantum entanglement has been central to founda-
tional discussions of quantum mechanics. The measurement of
correlations between entangled particles can have results at odds
with classical behaviour. These discrepancies grow exponentially
with the number of entangled particles1. With the ample experi-
mental2–4 confirmation of quantum mechanical predictions,
entanglement has evolved from a philosophical conundrum into
a key resource for technologies such as quantum communication
and computation5. Although entanglement in superconducting
circuits has been limited so far to two qubits6–9, the extension of
entanglement to three, eight and ten qubits has been achieved
among spins10, ions11 and photons12, respectively. A key question
for solid-state quantum information processing is whether an
engineered system could display the multi-qubit entanglement
necessary for quantum error correction, which starts with tripart-
ite entanglement. Here, using a circuit quantum electrodynamics
architecture13,14, we demonstrate deterministic production of
three-qubit Greenberger–Horne–Zeilinger (GHZ) states15 with
fidelity of 88 per cent, measured with quantum state tomography.
Several entanglement witnesses detect genuine three-qubit entan-
glement by violating biseparable bounds by 830 6 80 per cent. We
demonstrate the first step of basic quantum error correction,
namely the encoding of a logical qubit into a manifold of GHZ-
like states using a repetition code. The integration of this encoding
with decoding and error-correcting steps in a feedback loop will be
the next step for quantum computing with integrated circuits.

With steady improvements in qubit coherence, control and read-
out over a decade, superconducting quantum circuits16 have recently
been used to show two important results in solid-state two-qubit
entanglement. The first is the violation of a Bell inequality without a
detection loophole, realized with phase qubits by minimizing cross-
talk between high-fidelity individual qubit read-outs8. The second is
the realization of simple quantum algorithms7, achieved through
improved two-qubit gates and coherence in circuit quantum electro-
dynamics (cQED). With entanglement between two engineered qubits
firmly established, the next challenge is to scale up entanglement to the
threshold at which quantum error correction becomes possible. The
simplest schemes rely on three-qubit entanglement (3QE) to protect
against either random single-qubit flips or quantum phase errors5. An
algorithmic approach, pursued here, builds up 3QE with a properly
compiled sequence of single- and two-qubit gates. A more physical
approach exploits effective three-body interactions, as used in an inde-
pendent and parallel effort17.

Our superconducting chip (Fig. 1a) consists of four transmon
qubits18,19 (Q1 to Q4, anticlockwise from top right) inside a transmis-
sion-line cavity that couples them20, isolates them from the electro-
magnetic environment21 and allows their joint read-out9,22,23. As in its
two-qubit predecessor7,9, in our chip qubit control is achieved with a
combination of resonant microwave drives realizing single-qubit x and
y rotations and flux pulses individually tuning the qubit transition

frequencies on nanosecond timescales. Flux pulses inducing small
frequency excursions (=100 MHz) realize z rotations. Stronger pulses
(,650 MHz excursions) drive specific computational levels into res-
onance with non-computational ones (involving second-excited states
of Q2 and Q3) to realize conditional-phase gates7,24 (C-Phase) that

1Departments of Physics and Applied Physics, Yale University, New Haven, Connecticut 06511, USA. 2Department of Physics and Astronomy and Institute for Quantum Computing, University of Waterloo,
Waterloo, Ontario N2L 3G1, Canada.
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Figure 1 | Four-qubit cQED processor, and spectroscopic characterization.
a, Micrograph of a six-port superconducting device with four transmon qubits
(Q1 (inset) to Q4) inside a meandering coplanar waveguide resonator. Local
flux-bias lines allow qubit tuning on nanosecond timescales with room-
temperature voltages Vi. Microwave pulses at qubit transition frequencies f1, f2

and f3 realize single-qubit x and y rotations in 8 ns. Q4 (operational but unused)
is biased at its maximal frequency (12.271 GHz) to minimize its interaction
with the qubits used. Pulsed measurement of cavity homodyne voltage VH (at
the bare cavity frequency, fc 5 9.070 GHz) allows joint qubit read-out. A
detailed schematic of the measurement set-up is shown in Supplementary Fig.
2. b, Greyscale images of cavity transmission and qubit spectroscopy versus
local tuning of Q1 show avoided crossings with Q2, with Q3 and with the cavity.
Points I and II are two of three operating points (Fig. 2 shows point III). Single-
qubit gates and joint read-out are performed at point I. C-Phase gates between
Q1 and Q2 are achieved by flux pulsing to point II.
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atoms, which ideally should remain unaffected. For this purpose, we
monitored the probability of finding a hole at the sites next to the
addressed ones (dark blue regions in Fig. 3a, b and points in Fig. 3c). In
order to distinguish accidentally flipped neighbouring atoms from
holes that originate from thermal excitations of the initial Mott insu-
lator28, we also monitored the probability of finding a hole at the
second next neighbours (light blue regions and points in Fig. 3). As
both yielded the same hole probability of 6(2)%, we attribute all holes
to thermal excitations and conclude that the probability of addressing
a neighbouring atom is indiscernibly small. We fitted the hole prob-
ability p0(dx) of the addressed site with a flat-top model function (see
Methods), keeping the offset fixed at the thermal contribution of 6%.
From the fit, we derived a spin-flip fidelity of 95(2)%, an FWHM of
sa 5 330(10) nm and an edge sharpness of ss 5 50(10) nm (Fig. 3c).
These values correspond to 60% and 10% of the addressing beam
diameter, demonstrating that our method reaches sub-diffraction-
limited resolution, well below the lattice spacing.

The observed maximum spin-flip fidelity is currently limited by the
population transfer efficiency of our microwave sweep. The edge
sharpness ss originates from the beam pointing error of = 0.1 alat
and from variations in the magnetic bias field. The latter causes fre-
quency fluctuations of ,5 kHz, which translate into an effective
pointing error of 0.05 alat at the maximum slope of the addressing
beam profile. The resolution sa could in principle be further reduced
by a narrower microwave sweep, at the cost of a larger sensitivity to
the magnetic field fluctuations. A larger addressing beam power
would reduce this sensitivity, but we observed that this deformed
the lattice potential, owing to the imperfect s2-polarization, allowing
neighbouring atoms to tunnel to the addressed sites.

Coherent tunnelling dynamics
The preparation of an arbitrary atom distribution opens up new pos-
sibilities for exploring coherent quantum dynamics at the single-atom
level. As an example, we studied the tunnelling dynamics in a one-
dimensional lattice (Fig. 4) which allowed us to determine how much
our addressing scheme affects the vibrational state of the atoms. We
started by preparing a single line of up to 18 atoms along the y direction
before we lowered the lattice along the x direction to Vx 5 5.0(5) Er

within 200ms. At the same time, the other lattices were lowered to
Vy 5 30 Er and Vz 5 23 Er, which reduced the external confinement
along the x direction, but still suppressed tunnelling in the y and z
directions. After a varying hold time t, allowing the atoms to tunnel
along x, the atomic distribution was frozen by a rapid 100ms ramp of all
lattice axes to 56–90 Er. By averaging the resulting atomic distribution
along the y direction and repeating the experiment several times, we
obtained the probability distribution of finding an atom at the different
lattice sites (Fig. 4, bottom row).

This probability distribution samples the single-atom wave-
function after a coherent tunnelling evolution. We observed how
the wavefunction expands in the lattice and how the interference of
different paths leads to distinct maxima and minima in the distri-
bution, leaving for example almost no atoms at the initial position
after a single tunnelling time (Fig. 4c). This behaviour differs mark-
edly from the evolution in free space, where a Gaussian wave packet
disperses without changing its shape, always preserving a maximum
probability in the centre. For longer hold times, an asymmetry in the
spatial distribution becomes apparent (Fig. 4d), which originates from
an offset between the bottom of the external harmonic confinement
and the initial position of the atoms.

We describe the observed tunnelling dynamics by a simple
Hamiltonian including the tunnel coupling J(0) between two neighbour-
ing sites and an external harmonic confinement, parameterized by the
trap frequency vtrap, and the position offset xoffs (Methods). A single fit
to all probability distributions recorded at different hold times yields
J(0)/B5 940(20) Hz, vtrap/(2p) 5 103(4) Hz and xoffs 5 26.3(6) alat.
This is in agreement with the trap frequency vtrap/(2p) 5 107(2) Hz
obtained from an independent measurement via excitation of the dipole
mode without the x lattice, whose contribution to the external confine-
ment is negligible compared to the other two axes. From J(0), we calcu-
lated a lattice depth of Vx 5 4.6(1) Er, which agrees with an independent
calibration via parametric heating. The expansion of the wave packet
can also be understood by writing the initial localized wavefunc-
tion as a superposition of all Bloch waves of quasi-momentum Bq,
with 2p/alat # q #p/alat. To each quasi-momentum Bq, one can
assign a velocity vq~

1
B

LE
Lq, determined by the dispersion relation

E(q) 5 22J(0) cos(qalat) of the lowest band. The edges of the wave
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Figure 2 | Single-site addressing. a, Top, experimentally obtained
fluorescence image of a Mott insulator with unity filling in which the spin of
selected atoms was flipped from | 0æ to | 1æ using our single-site addressing
scheme. Atoms in state | 1æ were removed by a resonant laser pulse before
detection. Bottom, the reconstructed atom number distribution on the lattice.
Each filled circle indicates a single atom; the points mark the lattice sites. b, Top,
as for a except that a global microwave sweep exchanged the population in | 0æ

and | 1æ, such that only the addressed atoms were observed. Bottom, the
reconstructed atom number distribution shows 14 atoms on neighbouring
sites. c–f, As for b, but omitting the atom number distribution. The images
contain 29 (c), 35 (d), 18 (e) and 23 (f) atoms. The single isolated atoms in
b, e and f were placed intentionally to allow for the correct determination of the
lattice phase for the feedback on the addressing beam position.
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being fermions they are prevented from condensing into
the lowest energy state. Instead, they fill up successively
the sequence of lowest-lying energy states, until a maxi-
mum is reached and all CFs have been accommodated.
The process is equivalent to the filling of states by elec-
trons at B!0. Hence, from the point of view of CFs, the
!!1/2 state appears equivalent to the case for electrons
at B!0. In spite of the huge external magnetic field at
half filling of the Landau level, CFs are moving in a
similar fashion to electrons moving in zero field. This
has been directly observed in experiment. Flux quantum
attachment has transformed these earlier electrons and
they are propagating along straight trajectories in a high
magnetic field, where normal electrons would orbit on
very tight circles. The mass of a CF, usually considered
to be a property of the particle, is unrelated to the mass
of the underlying electron. Instead, the mass depends on
the magnetic field and only on the magnetic field. In
fact, it is a mass of purely many-particle origin, arising
solely from interactions, rather than being a property of
any individual particle. It is another one of these baffling
implications of e-e interactions in high magnetic fields.
The absence of condensation and the lack of an energy
gap prevents the !!1/2 state from showing a quantized
Hall resistance. Instead the Hall line is featureless, just
as it is for electrons around B!0 (see Fig. 18).

The difference between !!1/3 and !!1/2 is striking.
One is a Bose-condensed many-particle state showing a
quantized Hall effect and giving rise to fractionally
charged particles. The other is a Fermi sea, in spite of
the existence of a huge external field, and its particles
have a mass that arises from interactions. One flux quan-
tum per electron makes all the difference.

There are many fascinating open questions associated
with the !!1/2 state, such as: how does the mass vary
with energy for CFs? and what is the microscopic struc-
ture of the particles? Also, how does the electron spin
(which we were neglecting throughout this lecture) af-
fect CF formation? A beautiful picture of composite fer-
mions being tiny dipoles is emerging. While one of the
vortices is placed directly on the electron (Pauli prin-
ciple), the position of the second vortex is a bit displaced
from exact center, rendering the object an electric dipole
in the 2D plane. There is great promise for future dis-
covery and future theoretical insight.

All those other FQHE states

Bose condensation of CBs consisting of electrons and
an odd number of flux quanta rationalizes the appear-
ance of the FQHE at the primary fractions around
Landau-level filling factor !!i"1/q with quantized Hall
resistances RH!h/(ve2) and deep minima in the con-
comitant magnetoresistance R. However, a multitude of
other FQHE states have been discovered over the years.
Figure 18 shows one of the best of today’s experimental
traces on a specimen with a multimillion cm2/V sec mo-
bility. What is the origin of these other states? The com-
posite fermion model offers an extraordinarily lucid pic-
ture. We shall discuss it for the sequence of prominent
fractions 2/5, 3/7, 4/9, 5/11, . . . and 2/3, 3/5, 4/7, 5/9, . . .
(i.e., !!p/(2p"1), p!2,3,4 . . . ) around !!1/2.

At half filling the electron system has been trans-
formed into CFs consisting of electrons which carry two
magnetic flux quanta. All of the external magnetic field
has been incorporated into the particles and they reside
in an apparently field-free 2D plane. Since they are fer-
mions, the system of CFs at !!1/2 resembles a system of
electrons of the same density at B!0. What happens as
the magnetic field deviates from B!0? For electrons
their motion becomes quantized into electron-Landau
orbits. They fill up their electron-Landau levels, encoun-
ter the energy gaps, and exhibit the well-known
IQHE. CFs around !!1/2 follow the same route. As
the magnetic field deviates from exactly !!1/2, the mo-
tion of CFs becomes quantized into CF-Landau orbits.
They fill up their CF-Landau levels, encounter CF-
energy gaps, and exhibit an IQHE. However, this is not
an IQHE of electrons, but an IQHE of CFs. This IQHE
of CFs arises exactly at !!p/(2p"1), which are the
positions of the FQHE features. In fact, the oscillating
features in the magnetoresistance R of the FQHE
around !!1/2 closely resemble the oscillating features
in R around B!0 and, once they have been shifted from
B!0 to !!1/2, they coincide with their position. This is
very remarkable in several ways.

CFs ‘‘survive’’ the additional (effective) magnetic field
(away from !!1/2), and the orbits of these composite
particles mimic the orbits of electrons in the equivalent
magnetic field in the vicinity of B!0. The CFs remain
‘‘good’’ particles. In this way, a complex electron many-
particle problem at some rational fractional filling factor
has been reduced to a single-particle problem at integer

FIG. 18. The FQHE as it appears today in ultrahigh-mobility
modulation-doped GaAs/AlGaAs 2DESs. Many fractions are
visible. The most prominent sequence, !!p/(2p"1), con-
verges toward !!1/2 and is discussed in the text.
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Outlook
Quantum computation is possible in principle.

What to do with a quantum computer?

Resource requirements

Architecture We can!
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